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Bayesian Gaussian Mixture Model

« We assume that the observed data were
generated as follows:

- 1 ~ Dir(a)
c=1.C — For Gaussian componentc =1..C
e U, A, ~ NormalGamma(u., A.|m, k,a,b)
— For each observatonn=1...N
* zy ~ P(z,|m) = Cat(z,|m)

~p(xplzn, m, 2) = N(xnl.uzn» Agl

n

¥
|
K

m,Kk,a,b

|  The task is to infer the posterior distribution of

e A parameters p(m, uq, A4, ... ic, Ac|X) given some
O observed data x = [xq, x5, ..., Xy]

®

» Intractable: need for approximations

p(x, z, (s, X, ) Hp o A )\)HP Zn |70) Hp e, Ae)p(T)



Approximate inference
(for Bayesian GMM)

 Variational Bayes

— Approximate intractable p(u, 4, T, z|X) with
tractable q(u, 4, w, z)

— Iteratively tune parameters of q(m, u, 4, Z) minimize
DKL (q(nr U, Ar Z) | |p(l’l’r Ar T, le))

* Gibbs sampling
— Instead of obtaining p(m, i, 4, z|X), we only generate
samples from this distribution
— Integrating over p(m, u, A, z|X) (e.g. for predictive
distribution) can be approximated with empirical
expectations



Variational Bayes

' ' ' p(Y|X
Inp(X) = /q(Y) Inp(X,Y)dY — /q(Y) Ing(Y) dY — / q(Y)In P (\L)) 'S
- q
£(q(Y)) Dgr(q(Y)[|p(Y[X))

* Find gq(Y), which is good approximation for the true posterior p(Y|X)
»  Maximize L(q(Y)) w.r.t. q(Y), which in turn minimizes Dy, (q(Y)|lp(YIX))

— “Handcraft” a reasonable parametric distribution q(Y|n) and optimize
L(q(Y|m)) w.r.t. its parameters 7.

— Mean field approximation assuming factorized form q(Y)=q(Y;)q(Y,)q(Y3)...



Minimizing Kullback-Leibler divergence

« We optimize parameters of (simpler) distribution g(Y) to minimize
Kullback-Leibler divergence between g(Y) and p(Y|X).

| |

* Minimizing « Two local optima when (numerically)
DKL(P(Y|X)||CI(Y))- minimizing DKL(CI(Y)||P(Y|X))-
« Not VB objective « VB performs this optimization

» Expectation propagation



VB — Mean field approximation

Popular Variational Bayes optimization method

Variant of Variational Bayes, where the set of model variables Y, can
be split into subsets Y;,Y,, Y5, ..., with conditionally conjugate priors

- p(YilX, Yyj «i) is tractable with conjugate prior
— E.g. for Bayesian GMM p(u,, A.1X, z) has NormalGamma prior
We assume factorized approximate posterior

q(Y)=q(Y1)q(Y2)q(Y3) ... = [1; (V1)

This factorization dictates the optimal (conjugate) distributions
for the factors q(Y;) and brings well defined iterative update
formulas:

q(Y;)" o< exp (j q(Yyj i) Inp(X,Y) dYy; ¢i>



Mean field - update

£(q(Y)) = / (V) Ing(X, ¥} aV = / (¥ gl V) Y = /H a(Y:) |In p(X,Y) =] q(Y.i)] dY

7

- [ H 9(Y:) [In p(X,Y) -3 In q(Y,-)] dYy
’ 1=1 z

-

« Forexample, let M =3
*  Now, lets optimize the lower bound £(g(Y;)) w.r.t only one distribution q(Y;)

£a(Y1)= [[[ a¥1)a(Y2)a(¥s) Inp(X, Y1, Y2, Ys) — Ina(Y1) — Ina(Y2) - Ing(Ys)] dY; Y dYs

= /q(Yl) /[ qg(Y2)g(Y3) np(X,Y1,Y2,Y3) dY2 dY3 dY; — [Q(Yl)ll] q(Y1) dY 1 + const

7

~

In p(Yq)+const

= /q(Yl)lnﬁ(Yl) dY, — /q(Yl)ln q(Y1)dY1 +const = =Dy, (p(Y1)|lg(Y1)) + const

where p(Y;) is normalized to be a valid distribution (therefore +const)

. L(q(Yl)) is maximized by setting the Dy, term to zero, which implies
GO e i 0 ) /[q(YQ)q(Yg) lag(X, ¥y, ¥a, Xa) d¥4 d¥ 5 3 conist

* In general, we can iteratively update each q(Y;) given the others Q(Yiij) as:

q(Y ;) o exp /Q(Y‘v’j¢; )Inp(X,Y) dY v, =i

where each update guaranties to improve the lower bound £(g(Y))



Variational Bayes for GMM

« Joint likelihood for Bayesian GMM
p(X,2, p, A, ) = HP Tn|zn, pw, A) HP 77?'”)1—[ (e Ac)p()

Inp(x,z, u, A\, ) = Zlnp T | Zas s Py A) —l—ZlnP Zn|T) +Zlnp Le, Ac) + Inp(7r)

where

p(Tn|zn = c,pm, A

« Mean field approximation q(u, A, w,z) = q(z)q(u, A, ™) dictates
updates:

q(z)* ox exp (/ q(p, A\, ) Inp(x,z, p, A, ) dpe d Cl?‘l‘)

q(p, A, )" < exp (Z q(z)Inp(x,z, @, A, w))



VBGMM — update for q(z)

q(z)* o exp (/ g(p, A, ) Inp(x,z, p, A\, ) dpe dX dTl')
X exp /q(y,. A, 7T) (Z In p(zn|2n, p,A) + Z In p(2n |7t')) dp dA dﬂ')

= exp (Z/ g(p, A, ) (Inp(zpn|zn, u, A) + Inp(zy|m)) dp dA d= )
X HQ(ZH)*

« We see that q(z) further factorizes - so called induced factorization

Similar to responsibilities from EM ]
q(zn = ¢)* = Ync

X exp (/ g, N) In N (203 e, AT dp d)\—l—/ (7)) In Cat(z,, = c|x) d*rr)




VBGMM — update for q(m, u, A)

a(1e, A, )" o exp (Z a(z) In p(x. 2, . m-))
Z

= exp (ZHQ Zia ) Z{lnp (n|2n, o, A) + Inp(z }—I—Zlnp (ttey Ac) + Inp(7 )

C mn

= 1_: lexp (Z Tnc lIlN(CL’;/.LC, )\C_l)) p Loy Ac ] exp (Z Z')nc lnp Zn = Clﬂ-)) p 7‘-

T

oc [Ta(ke, Ae)* q(m)*

= exp (Z Z Yne {Inp(zn|zn =c,u, N) + Inp(zn = ¢|mw)} + Inp(pc, Ac) + Inp(a )

« Again, we obtain induced factorization for q(u, A, 1)

g(te, Ac)™ o exp (Z Yne IUNE(ES B, )\C_l)) NormalGamma(pc, Ac|m, K, a, b)
n

)" o exp (Z Z Ve IO 20, = c|7r)) Dir(7|)



Flashback - Factorization over components

Example with only 3 fames (i.e z = [z4, Z,, Z3])

> [aew ) rew =
Z n n
z Z z q(21)q(22)q(z3)f (z1) + z Z z q(z1)q(z,)q(z3)f (z,) + z z z q(2.)q(2,)q(z5) f (25) =

Z1 Zz Z3 Z1 22 Z3 Z1 22 23

DA ) ) () ) at)+ ) at) ) a@) ) ) )+ ) aln) ) alz) ) a@)f () =

D a@) fe) + ) a@) f) + ) aGf ) =
Z1 VA zZ3

C C C
D a@m=0ft=+ ) az=f( =0+ Y qls=0f(z=c) =
c=1 c=1

c=1

C

> > a4l =f @ =)
n

c=1



VBGMM - update for q(u,, A.)

q(tte, Ae)™ o< exp (Z Yae IDN(2; pe, )\;1)) NormalGamma(pe, Ac|m, k, a, b)

n

= H N (2 pe, A7 1) 77eNormalGammal(pie, Ae|m, K, a, b)
T

km+ NeZe Nc N¢ K2 — m)2 ))
o« NormalGamma | pte, Ac gg N..a Bl S. +
(ﬂ vt K+ Ne | 2 2 (S Kk + N¢

o« NormalGamma (pc, Ac|my, k5, ak, b))

Ne=Y 1~
cC — jnc
n

§ :n TYrneTn
E ~/
n INc
i = )2
E vy 112 c(l n — & c)
Bl =
E :-n. Tnc

s —

Updating distribution q(u., 1.) means updating the parameters mg, k., a;, b;



VBGMM — update for g ()

g(m)* o exp (Z Z Yo IEE] 2, = c|7r)) Dir(7|o)

x Dir(7|a + N)

x Dir(m|a™)

N = [Ny,Nz...,Nc]

N¢ = E Tnc

n

Updating distributionsq(mr) means updating the vector a* = [a], a5, ... a¢]



VBGMM - update for q(z,,)

g(zn = ¢)* x exp (/ g(pc, Ac) MN (20 pe, )\;1) dpe dAe + / giw ) InCat(z, = cmw) dﬂ')

Y — In b¥ 1 o ‘
X exp (’J (Z o ) . )2 T, e, ;b‘* (2, — 'm.:f)z)

C €

= Pnc

pHC,

B Zl\f Pnk

where ¥ (.) is digamma function

Updating distributions q(z,,) means computing responsibilities y,,.



Summary of VB-GMM updates

« Update distributions q(z,,) (i.e. the responsibilities Yne):

ay) — In b 1 ay e
nc = €X — Q. = — Ty — M,
g P ( (Z ) 2 2t 2" ( )

C
pnc

Yne =
ZA Pnk

 Forall c =1..C, update parameters of q(u., 1.) and q(m):

" km + NeZe )
Me = T N e = E Tnc
s Dt n
* T
K. =K+ N¢ |
) - Zn. YnecTn
\r Le —
f — + Z-n Ai"'nC
e 2
— _ A‘)
/ 7 . Ync\n — L)~
* l\' c H(‘r g - 771 ) 2 ,S' ks - Z n ( )
b( = b + Sc + - : Z .
2 K+ N L

a. =a,+ N,

 lterate until convergence



VB parameter posteriors

Priors:
- p(ue A.), = NormalGamma(u,,A.|0.0, 0.05, 0.05, 0.05), c=1..C
Posteriors: to prior

- ay =171 8.3 32.2 1.0 1.0 46.4]
- q(uc, 1) for the 6 Gaussian components
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~ ~<
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~ ~<
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Evaluating VB-GMM

- Lower bound £(g(Y)) can be evaluated to check for the convergence
— Formula not shown here

» Posterior predictive distribution is a mixture component specific
posterior predictive of Student’s t-distributions

p(x'|x) = z St (x’

where mixture weights are give by categorical posterior predictive:

*k *k
mr, 2ax Geke T
" b+ )

ac

2

*

¢




VB predictive vs. ML solution

0.25 A ”

0.20 A

0.15 A

0.05 -

0.00

~10.0 _7.5 5.0 T 0.0 25 5.0 75 10.0

« VB was initialized from ML solution — first update of g(u.,A.) and
q (1) uses the responsibilities from last ML iteration

« VB recovers from ML overfitting and more robust solution closer to
the true distribution for generating the training data



Approximate inference
(for Bayesian GMM)

 Variational Bayes
— Approximate intractable p(m, u, 4, z|X) with
tractable q(m, u, 4, z|X)
— lteratively tune parameters of g(m, u, 4, z|X) minimize
Di1 (q(mr, p, 4, z|X)||p (7T, 1, 4, 2|X))

» Gibbs sampling
— Instead of obtaining p(m, u, 4, z|X), we only generate
samples from this distribution

— Integrating over p(m, u, 4, z|X) (e.g. for predictive
distribution) can be approximated with empirical
expectations



Gibbs Sampling

Assume we cannot sample from complex joint distribution p(z,, z,)
but it is possible to sample from conditional distributions p(z,|z,)
and p(z;|z;)

1. Given z{ and generate z;~p(z,|z;)

2. Given z, and generate zi~p(z1|2,)

3. lterate previous two steps

After several iterations (burn-in) the algorithm starts generating
samples from p(z4, z,)

It can be extended to more than two variables



Gibbs Sampling for Bayesian GMM

« Using sampled values of {u;, 1.} and *, generate new samples
(hard assignments of observations to GMM components) from
posterior over z,,

— The distribution is just like the responsibilities from EM:

pOnlzn = P(Zn=¢) _ NOlpe A )me
2y p (x| k)P (k) 2 NV (x|, i,

P(Zn = Clxn) =

« Using the sampled values z;, , for each component ¢, generate new
samples of GMM parameters u;, A, from posteriors p(u., A;1X,2")
— Estimate sufficient statistics N/, x;, s; using the observations {x,,: z, = c} (i.e.
those hard assigned to the component c) and calculated the posterior as:

km + N X, N, N, k(X, — m)?
K+ Neya+—,b+—( 5. +
k+ N, ettt 2 \>¢ T TKFN,

p(us, A.1x) = NormalGamma </,lc,/1€

« Sample r* from posterior p(m|z*) = Dir(mr|a + N*) where the vector
of component occupation counts N* = [N{, N5, ..., N;] is given by z*



First 5-iterations of GS

True model

0.35}| === avg GMM
+ data
030} - sampled GMM

0.25¢}

= 0.20¢}

0.15¢

0.10¢t

0.05}

0.00 fm— R, .
-10 =5 0 5 10

Predictive distributions can be approximatedr by empirical expectations using the
samples from the posterior distribution 7;:

1
PG = [ PG Ip@Odn ~ ;) PG i)
l



First 30-iterations of GS

True model

0.35}| === avg GMM
+ data
0.30L] — sampled GMM

0.25¢}

0.20

plx)

0.15¢

0.10¢t

0.05}

0.00 ==
-10

Predictive distributions can be approximateci' by empirical expectations using the
samples from the posterior distribution 7j;:

1
PG = [ PG Ip@Odn ~ ;) PG i)
l



Collapsed GS for Bayesian GMM

« Sampling discrete latent variables like z, is fine as they have limited
number of possible values

* For continuous latent variables like m, u., 1., however, we might
need too many samples to get a reasonable representation of their
posterior distributions (especially for multivariate higher dimensional
variables).

« Collapsed Gibbs Sampling

— lterates over (and samples only from) a subset of the latent variables in the
model (e.g. the discrete ones)

— integrates (marginalizes) over the remaining (continuous) variables

« CBS for Bayesian GMM:
fore =1..N
zi ~ P(z]x,2\;)

where
z\; is z with z; removed
X\; Is x with x; removed



CGS for BGMM - P(Zi‘Z\i)

How do we obtain p(z;|x,zy;)?
Lets first introduce some useful distributions

Posterior distribution of weights m given z,; (or corresponding vector
of component occupation counts Ny;)

p(m|z\;) H P(zp|m)p(7 H Cat(zy|m)Dir(m|a) o< Dir(s|a + N\ ;)
Nkt n#i

Posterior predictive distribution for z; given z;

P(z;i|z P zi|m)p(7|z dm = | Cat(z;|m)Dir(w|a + N\;) d=
\ \1 X

=at | z;
c QC + .Z\'T . ]_




CGS for BGMM - p(x;|z;, %\, 2;)

« Let S ; define the subset of observations assigned by z,; to component ¢

* Posterior distribution of u., A. given xy;, z,; is estimated in the usual way
using only the observations S;

p(#c- )\Clx\j: Z\ri) x 11 p(fn. |zn y b, A)p(“ )\)
nES(_.\i

= N (2 |pte, A7) NormalGammal( jic, Ae|m, &k, a, b)
nES(_\I-

dzaan oo = ; * UK % *
0c H NormalGammal( g, )\;{|mc\i, Keis G i C_\i)
nES\;

 Posterior predictive distrib. of x; for component ¢ given observations S;

p(zi|z: = ¢, X\i,2\;) = /p(;ri|z,- = ¢, fey Ac)P(te, Ac|Xy\i, X\;) dite, dAc

/N 2 | e, )NormalGamma(u.C, )\C|-m:\i_. H:\T-._a:\i. b;’f\i) dpe dAc

Bl s
:Bt( 1|7n o\ i 2(1(\1 b* L\.I £y 1 )
c\1 o \i T )




P(zi|x,2\;) = P(zi|zi, x\s,2\;) =

CGS for BGMM - p(x;|x, z\;)

Finally, using Bayes rule

p(xi|zi, X\s, 25 ) P(2i]%\ i, Z\;)

Do P(i|zi = ¢, x\;,2\;) P(2i = clz\;)
The Collapsed Gibbs sampling iterations
fort=1..N
2; ~ P(zi]x,2\;)

gives us samples from z*~ p(z|x). What can we do with that?
GMM posterior predictive distribution for new x’ given x and (sampled) z

P |%, %) = vaz,lz—(xz) (e =)

Full predlctlve dlstrlbutlon can be approximated using the samples z; as

plEx] = Zp (z'|x, 2)p(z|x) ~ LZp ' |x, z})



Il
=
8

Infinite Bayesian GMM

®

I
-
=

Lets consider Bayesian GMM with an infinite
number of Gaussian components ¢ = 1.. o0

The priors for u., A, for Gaussian component
c = 1...00 can be defined as before:

- p(uc, A.) ~ NormalGamma(u., A.| m, k,a,b)

However, we need an infinite number of
mixture weights = [, ,, ... ] so that

220:1 m. =1

We also need a suitable prior distribution for «



Stick breaking process - GEM

|
forc=1,2,...,0 3 }
v. ~ Beta(1, a)
e = v [1527 (1 — vg) 2 Beta(1, @)

Take a unit length stick ] ——
Forc=1,2,...,© i}

— Generate v, in range (0,1) from Beta(1, a)
— Break the stick into two pieces with proportions v.: 1 — v,

— The length of the first piece corresponds to ..

— The second piece is the stick to be broken in further iterations

The resulting infinite dimensional vector of weights is a sample from
the stick breaking process ™ ~ GEM(«) (Griffiths, Engen and McCloskey)

GEM(a) can be used as a prior for infinite number of component weights
With small concentration parameter a, only few weights will be non-negligable



Infinite Bayesian GMM

Il
=
8

m,k,a,b

®

I
-
=

N
O.uc: c
c=1.c

We assume that the observed data were
generated as follows:
- = [my, Ty, ...] ~ GEM()
— For Gaussian componentc =1 ...
e U, A, ~NormalGamma(u., A.|m, k,a,b)
— For each observationi =1..N

o zp ~ P(z,|m) = Cat(z,|m)

L4 Xn ~ p(xnlznl ”) )') — N(xnlluznr /1;111

Obviously the observed data can be generated
from at most N Gaussian components.

Again, the task is to infer the posterior
distribution of parameters p(m, uy, 14, Uy, A5 ... |X)
given some observed data x = [xq, x5, ..., Xy]



CGS for infinite Bayesian GMM

We can use the same Collapsed Gibbs sampling iterations that we
used in the case of the BGMM with fixed number of Gaussian

fore =1..N
2; ~ P(2i]x,2\;)

p(xi|z:, X\z z\ ;) P(z:|x\s,2Z\s)

where again  P(zi|x.z\;) =

2 e P(@i|zi = ¢, x\;,2\;) P(zi = c|z\;)
and the component posterior predictive
_ . ag\iFevq
p(xi|zi = ¢, x\;,2\;) =St (;r;|m i 2(1(\3 \ n 'L\, n l))

The only difference will be in P(z;|z\;), which is evaluated using
Chinese Restaurant Process (CRP)



Chinese Restaurant Process

Let the prior on the infinite weight vector be p() = GEM(7|a)

Letz,, n = 1..N be samples generated from an (unknown) “infinite
categorical distribution” Cat(z,,|m)
The posterior p(m|z) «< [],,p(z,|m) p(m) is intractable

— We cannot even easily sample from it as the sample would be infinite

vector of weights
However the predictive posterior P(z’|z) = [ P(z'|m)p(r|z)dn

can be evaluated as
P(z' =clz) =

C

a+ N

P(z' = C+1z) =
(2 2 =N

where N, is the number of observations assigned by z to category ¢
and C + 1is a new so far not seen category.



Chinese Restaurant Process

Imagine Chinese Restaurant with an infinite number of tables, each
with infinite capacity
The first customer sits at the first table

Every new customer:
— Joins already occupied table with probability proportional to the number
of customers sitting at that table

N,
a+ N

P(z' =clz) =

— or starts a new table with probability proportional to concentrarion
parameter a

a
P(z' =C+1lz) = —
@=C+1z) =y



Dirichlet Process

We have defined Infinite BGMM as (for simplicity assuming the same ¢ for all
Gaussian component variances ¢ and conjugate prior p(u.) = N (u.lpg, 09)):

T = [my, Ty, ... ]| ~ GEM(a)

e ~N (Uclto, 00), c=1.0
Z; ~T., i=1..N
x; ~N (x| ue, 0), i=1..N

L puc=4a

Alternative definition using 6, (1) = {0 U # i
) C

T = [Tl:l, Ty, ] ~ GEM(C{)

te ~N (felto, 00), c=1.00

ﬁi~G=ch5M6(ﬁi), i=1..N
c=1

X ~N(Xi|ﬁl'), i=1..N

or using Dirichlet Process with base distribution H = N (u,, 0y ) and concentration
parameter a

G ~DP(H,a)

f; ~ G, i=1..N

X ~N(Xi|ﬁi), i=1..N



Dirichlet process

Samples G ~ DP(W(0,1), a)

0.00 Il ‘ l i

0.04
0.02 ‘
0.00

a =100

0.004

0.002

: Al
I

0.006
IIL [

0.000
-4

“ “ a = 1000

0 4 -4 0

4 -4

0 4

G is discrete distribution with continuous support
DP(WV(0,1), @) is distribution over discrete distributions with continuous support



