Computability

~ .Zaﬂbroadacs : Cﬁ:}tf‘&‘k(}hd( X —-gunc.l-iona(
- Churdn 4hesis

Foundadion o{ "Recursive Funckon Theor

We will +rw.[ {o &dccnl—'\-ﬁ uch '-gwc{»{oms whidh ave

, conputable “ in common sense (without respect to
: q%lvcn comﬁouifcr or compuiafioval 07&}@4)

To decrease om exteeme amount o{ such dwno(«'o'm
we abgtvact domains wmgfcs o iW&c‘rs amol.

we will comsidere -&wnclioms of the -fowm:

]

wheee N =§01,2, .- I‘mlhek\
We will call 4his -&umd.ofv\s pavrtiel fuMCJﬂ:OMs
with dqm&«'ca#{ow : ‘

Uarkal —vad-iom 7 Totl funekions |
N Shrictly pardal ‘Fm.cliw&
oy '

EmNELEJ | |

Total ésumd-{om | - Q"”lc‘ll‘f ﬁ:ﬂ-h‘—.{wuc{—wnﬁ

plus - NxN — N] [ div: Nx N—=>N

| L Mv/x v = inke :

plne C<yY = X+ ) o Gy = imegergart of X[y y40.

Ny N @Mm

1<y ly=07



Con vtmkom :

aiwolt O X, - ¥n) € N will be denoted as %

TInital %le&ohs

The hictmrc\n(-‘ ol Qomloujcctblc igw‘\cl—iom e baced on
§>UQQU‘LCL\0€.¢:V\ Qo called mhal \(;MMQL{O'VIS. nqomamé{m
clemen Y qumckione Clouilding  stoves or wore Com fol €x
tumckions )  There are Hhe éhow{n& ‘wlal d;«wd-{owz

1. 2cro ~[Su.vv::\v{.c:m
§()=0
The {fﬂmkon majec .‘a:mpﬁ '\Mqa\tz“ o 2arou

) Suecessor —Eumdviom

G: N—= N
GO = x+4

3. wt‘oé\,@ko‘hg
e : N"— N |
The Yunckon axdracts {rom n-tuple the |c-th componant
= T, (§64) =6 or TF(5AF) =5
Setal case: T N> N°

T (4,2,3) = O



Prinihve Recursive Funchone

These %Wnc‘l-{,ws are o!cc(\mw{ bl1 3 Principlzg
ot &oihfﬂ% &und«ioms:

4. Combinadion

Tha combinakion of dwe funckions {: N> N™ o
q 4 N - N" isq -gunc&ion :

- _g_xa& NkANMW‘
such that &xg(i) = CJSC’?)I%C’Z))
E)(.: - |

LA T, (442,8) = (4 &)

9. Co'mloogi“on

Tha Com&ms'«kom of 4wo Jguhckohs -g-: Nk—> Nm
and %‘. Nm——-:» A" f&u{“nd—(olﬂ

qef + N = N
sweh that 4o fi (%) = %(chu\

'G’°§C\=’| GOG:S()""Z



2 Primidive recuvsi on

Example :
Lot ue Mppose We wanked Yo define a Mow
Jy*- N*=N  such 4hat £qp) weuld be the numberot odes
W a {ull balanced tree which cwry honleal woole hag
X childewn (x-qvul Avee ) with o{c.q-“q oJ‘- Y-

I
%.\, ’»\x\ |
A AN ﬂ\-
We can sec

@ $0x0) =1

@) The direa of depth i has x" leafs . | we inevease
the depth 4o ned we ek adol x™* hodes

Xhi-‘i = XY! X

Now wa are PNPQVWN'O o{q[ihe. the &mel&om
£ UW{MO&_ qfollowfw% Gw\ncir:ld::
Lx0)= x°
Y
-&O\\(M\ = %C‘*l‘(\Jr XX

Foe cxample : +(30) = (30 + 352 hea= 13 y
§(3A) = 43O 3 = 143 =



=
3. ¥mive reourcion s a -{¢chhigru¢ which olefines o {AMGJ{OVI'{'
Lo NS, N
trom 4wo -Xu\nd-\'ows g amd b
%__ Nk_) N
he Nt g

L3"1 e q(ol(owin% chcri‘oxi-ion ;
1+ (X 0) = %(Tc‘)
FEYEO=h Ky 4 gens
A schama @S CDW(«*HM Ciluspakion for Y=3)
3% 3) = h(Z,2 4 ¢50)

< =
$(F2y2 (T 4, 4z, 4)
) ~
TEA)= h(%,0, £¢x,0)

/

P A

'5‘(5‘("0;: %CEY,

2.9 two ﬁo(A'r@-'L«'O’nQ“

- Jorwarol (unkl fex0) is QDW(FWLUB
— backward  ( wmkt computabion of L0y ) is
complatad )



Excuv\plcz‘
 Lel ue condidar dhe dunckion

E;\U\S'- Nl—:’ N
Plusley) = x4y

Uk{m% (oV‘iYIM"-{VQ_ eenrsen we can dedine the ‘SMMC.J&.OVI
dolus. (w 4his W ;
Plus(x 0)= 107 (<)
Plus O y+4d = 67 2 X,y f’\us(’(\‘()

«.q.
% X+0 =0
x4+ (y44) s obtained Creenrsively) oy

-&i'vwb{ua the suecescor of Xty

D ;GL}MUOV)

The clasg of @Piw'(-ivm reeursdon Lumedion o
iS a clagg o} all rﬂ«md«'ow comsiructe of {rom (m\.‘t‘l{a.l a
fumedion ua—{ma_ Com b {hallien fcow;ao&{(‘ion\ amel pm’m’li’v@
nz:uuw:’iomi ‘{vlc{uouma (WM lal fumtiong .

“Thaorem
AV\L‘ {::Nw’l{uc Ve U rsave %M-M-Q’LCOV\ t ¢
a dofal -E*UMCHOV\ )
oo
(@) iwmal Jumckon are dotal \Qumcl-{ous
(b) 511 afxd*{kcaum ol cowmbot maldow gom[aov{lf.on

o Qart'vn{'{—\'uf@ Peeursion 4o dotal *q,iuons rewmlis 4o
a todal 4Yumblon



m@f\ccg\ EV"l\W\l-{U@ Cazcursive —&Amoﬁiowg (PRF)

PRFs ave uszd in Jrv“eim\ upplml-i.ons o{ Q.OM(DQ‘(‘Q’.V‘S,
Covaniion -
—  lngtaad szuc_blom\ notation we wall ueeel
commoh norakion &vcﬁym Utt :

meead = p\u;DCW%xT;\

we wse Gy, = plus (x2) or
noc, ) = %2

meajramjr -klmcéfom&
We niroduce -&wvmli.ov\ c which +o any Suple
% e NV asigns dhe comclamt valoe me N: |

‘<™ GoGo...06 %

n

W &~ Himes

| Algo dov n>0 fumckion e is T
Ko (%0 = )

Ko (7, p44) = W ERD o

F .

G
For cample: €T (44) =T (4,0,\c} (o)) =g (D= (0)=
= \(:() =3

Coustands Lrom N can be constructaol oy combinakin
Of K . For axample \C:t’SX \(é (¢ ) =(L,5).



Mu M l‘o(/icaicon

mul (¢, 0) = kg &)
Mulk G2y yd) = plus G muth <))

Bxponanta 4402

axip (% 0) = 1&g, ()
@Xjp O \y#4) = mulk (x| @xe &)

Predece ssor fuukion

pred (03 = §O
pract Cy+1) = 1\‘% Cy | predt ()

Fumchon wonuc Q\r»wou&lcauom o!( miue )

monus (X,0) = %
mohnusg (X|Y+1\ S ‘amd (\monustxll(\)

v f.{ XY

¢4.  monus (x,¢) = et
Otevrwi e

— X-
>0
nolalion : monus (x\¢) = X =y

Funckion ¢qual

| A dx=y
o =4 o &j& x4y

€q.0x ) = A= (g =)t =)
(L%(Sl%3=4“"((3;‘53+(5"'%\5=4‘:‘(0‘#1\21;—1:0



We con o‘h]ﬁ’m aleo
ji@ = Monug o Uc}xczcg 1
A= G:i' '
Jabular {unc_l«'on
LQ—L UL consder Tunckom OJY 'HfIC 4'“0@

W

2  x=0
{@)?15‘ 'J(xr-tf

\ % otharwise

whicln are uwab] dc&{ma;o( [91 a +able . These +umdv{.o«s
can be desribed us('v\&a characienstic ﬁwnc.l«:ons

| A Uf =4
) =~
(]0’“ @) ™~ 0 otherwite

whidh can be axpressed as
monus (I; T ) where

.t 1.0 = 9 (x=L,0)
T i l /} L “‘Ii-{lc{
4 Tr @ L] a ® 1/\ . ® @ A [ ]
t———t—t——+— —t —t—r—>
v w1 ¢ A 9 -1 L L

Tabelar funclions cam now be creaked oy —&{ﬂ’\{"‘ cum
ot MA(‘RHICQU.OM 0{. Romstamis v ith (-FC or "(FC

EKQMAEIG: k-g.mal—f.o‘h -‘- QL)()UQB
= malk (3 ) +ald (5,9 Wil (4wt G192 (0)



Function quo (quokicnt)
e ‘ln-‘a:a.q:‘lr PO‘”(' of X[y {#0
N0 i y=o0

%_UO CK\Y) =

Ug{n% Primf}iuc rceuvreen -
‘g_uO (oy) =0

quo (x41,Y) = quoCxy) + 2 (x4, el (quolx(), Y)+Y)

'b_&o’oho[ Primive (RCCCLAV’SIV@ Function

Thae ave -fqnc-f—{om which ave computable lloul- whiclh
ant ot PREs  Such Jurcllons v alf g&ridl% Qowﬁ“a( -&«,«c{-{o’lﬁ
(as div) but avan some dotal fumckonc, An exawmple

of such fotal fumelion (s go called Ackermann's

{unclon ((922) \ which i¢ detimad by ¢<a_uah‘ou.c-.
A(Oﬁ') = Y+4
A(xﬂi(ﬂ-—* A(XM)
A(x+4l((+43 = A (s(l A(lez{ﬂ

Q.%. A:No'—*>N
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Theorem

There ¢ a total {-’um(«'on -&mm N do N which ic
omputable but not PRF.

F‘Proo* : (om(dai'nck?RFs as S—\viu&s ,We can ordcm*%hm : 4“{1 i
Ll U define +he %Mncl&ow *: N =N how
such thal

IO
for all he N\ So} .

(—lmrlull -f (S tofa| amd c_cm,oujcal:[cc fumebion Rt

-& (S hot PRF. lndezd if { wouct be «PRF +hen
‘&E'E\M for Some Wme N .

“but nthis case -g(m')z,{,m (M) bul hol {m(‘mvl aCc_oro(A‘m&

+o dd:rt\'v\il-{om of .

N.DI‘L:‘NL‘:OE Thc clase O{ -[.o-t.ql C_DMFM‘l‘aBlQ ’{'WILC,'[«:DM

s wlled A recursive {uncliong
[i] o

computabe fw_icm
du, WCMNiM &—wcl—‘:o'&(
‘Qw{vw: Lve rrcursive -&umcl{ou

fnikial -%muoms

) 1n (ccxi(.o%mphica( ovdar {ocf‘ ccxample



A0,
Ra mf—ia,l rZcuvsive -(-UmcHOM.C |

To odand he class e\L Qi)‘mr)tr(-d ble ]Cwuc_iéom beyondf
+otal CDWF\L{-G.M@ '&*Ahckcnalg we lV\'(-V‘t)M a'{-ddmo{k.e
alled  mim malicadion

This Mchmauz cnables 4o cometrmet ﬁmchw
£ N'» N
Arowm -&u.mkov\ % N™_ 5 N |
W such way 4hat 4c2) i <he smalled Y for Which
“) 4%V =0
(@) q&2) is definad Ao all 2 cx/i%eN
For Tlm's Comshruckion we will used hotalion

L&) = Y [%(;a\\l;\.—_o]

Exampel bf-s

s

O L-E X= O
N hondat othowi

L. dhiv(xp) - ot L) = (puld (k) £ )20

J‘Q() du,v[ralus(xl‘(\ =01 9. %CK)-

3. KCKBYMY Lmonus (¢ p)=01 - tdeutical Jumckion



{3

\det@o(" U -&w\qc{ft'w dcc‘fi'\n@o{ fou[ mintmaltSatioy
83 C;OMdoM“G.b(Q_ The computation of )

includes _mwrm%auoms of
A&
q& M)
4Cx0)

! @ 4& =0 Cthan £@) =\

or ) (X 2) it hot dehmed (£ 8 hot
8 1 f eiined )
'D:b(‘y(w'(\'on
The clacs o{~ Qﬂahl«‘ rechryve chomc

s the dase 0"( ral irumc:homs which cam
wz (onttructet ngw\ (nikal ngv.c.l«our u&uug

(@) owmleimakion

(o) cow[aoa«lmom,

() primitive reeuv Hov
(d) mimiwalisalion




1

_Emn%;—c,omp\u%abl@ {yuwc}r{ov\s |

(mﬁ"-:hﬁul'oﬂ :
‘ A_ Turi'nra mach tne N=(Q\$‘P151io!3y§

Computes o Forhal Aumekon
LT - X" (Tel A¢T)

\H- —&.or- aoy (w,,‘wm. co W) € XM omd corm&lqehdim&
iniHal COMS\'%MMHM\

Awy Aw, A... Aw,, ADA ..
the wmadrine ™

@) stops in the case Wha,vx-(;(w,“/w,“...lufm}
(¢ dafined with cowlamt of the '\‘aloa
Av, AU, A ... AU, AAA

aned - (& @ ) = LCw, Wy, Win)
Q@) wcleg ov shope abnormaly When

LW, Wy oo W) (8 ho+ d&{cuw(

Tha @ahﬁa\ Wcuom whidh can ba c.ompu-l-dd
by Some (urtng machive (¢ sonol the Tuw'm%~
ClM«pM“rGMQ dc“om .

Examples
T 7T ~A
> 'P\A'D\A Sl '
&l g

Tha macne cows\ouhs'. the foametion £Cwy oy Wy = (W wg)
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2. T‘Aa """MCJ'{DV\ |
o=t Bt GO fordhe seltferminatng
0 otwewise
s nol Tuwi h% emn(ouicab[a_ f«mc_h'om_
by of Darkial Reeursive Fanckong

Turing (—OW\PMJ{Q.b"\H
N
Lol us comsioder Tuting Wmadaines with al{a bet

I= 3011 umd PQNHO.\ .(Sum{«'mns '% NREE
m —buplee (n-tuples) will ba codad as fuples of bimary

nwuw bars

A 14 A10 o 400 A tmpw.mmls 3-uples € S\Q,'ﬂ

Thttotrcwn
Evary Pﬁﬂ«al recuvsive &UMC,L«OM Lt Tuvm%.—

mwh\o\e,

ooy . A % ~(—lv‘&{- we have Lo -k'iMol Tum'u%mch{ms
which wwlou‘ro. the imbal fmekions
glg’l“ :
@) §: — ROL

(o) a machihe 40 mmw{-e@
A

L
RaSelatl

;':0\_"_'_..5_._—

S -———?'RA > L

o\ o O
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) a wmadhine 4o QDWP&AG_ Tl:\:

I‘"L.WYWS lﬂ& tHimes , 6‘61 Mmes

9. Now we comebruet Turin madhine ¢ -&olr app[icalfoms
ot (a) ombimation (&) compostdion @) prmekive
vecursion amd CdY mwwma lizadion -

@) comenmalion

Ld:"‘ Tm'lhﬁ H;llmrh HQ_ COMP“'{'CLS Pﬂ'\kﬁ( ‘&‘M”C’I":OM&
Y Ep- Qo We comsteuct the T. wachine M 4hal
Owmputec the Lumekion 41X Q2 :
Mis 2-dope T. machine with {ollonang behaviour -
() M etavle with Lopiu% A sk &qpe ((myeuﬂ
0 Lwd oamd Rwd ‘Hqcﬂ.

GO then M simmlades the madhine My usin
L we {~Q\o¢ omel the madmng By unriny 2rd 'quoa,

@O 1f My amt Mo 4crwimate hormaly then
Cofpies {he Contant of Lud amd 3wy tafo
(scpavated br A) 4o 1gh %a‘oa amol Stope .

(b) TThe compoﬁl—iom %1‘}%1- e done by

{he macn na MMy



(L) pdw&iva, "COUF SO N (%

Consndere +he schewa of Fﬁwlnll@ Y& cUrsiov
%(‘Zl()) = %QCB |
§E D= h ,_Lz|\f\"f(zt‘(3)

whave F.{uml-iou.s ck‘nsh‘h ave e.om'owhzd b'1 machineg
M,  resp- M, . The J(wmckoh -f can be éomuoukd by
Turing wachine M which has 4o do dellowing ackiows :

(T) { 4he last {ape .S'-[mbol is O l-\-hcm M deletes this
symbol gocs bael to ovigin ot the +q‘oa amol
cimulates the madrine My
W) 1§ tha last Sy bel it viok O than the tape conbene Sequence:
AXAY+1AAD dor gome Y44 > O

Than «@) Usimg machinas fov LDP‘(M% amet heciaewmaeutekion
(viz exercicdy H{mmekovms Yhe +apa_ ‘o -
AXAYAXAN-18KAY-14 - . AXAD DX DA

Than M ghifte the haad just wayond O and simalates H,

(it) Now 4he tape Wil be
AXAYDAXBY=AA .. aAx 0484 ba %4, 14
W —— T B0 A%ROY BB
Thellehiths the head betove the ach X a siwulates My

The rewlh ie AXAYAXAY-1D - .AxA1aN (€0 §G0)Ab
- .e. —~— )~ yEA oo
Ue)  Comkwun with appeationiol Mo do the veik othe
tape. The last appticakion o Mo 4o AXBY YO5, YD
qives Ah(xy DL whidhis the W-&uimd
Ou’(;-\ou‘\‘ A ‘k'(ﬁ\{*./ﬂ AD ...



(A) WMinimalizaBon \8

Led wa towsideve a ‘ouw\»{o;\ -k«w:,l»{oh

Zm x{ C %ﬁcl\p:ol
wheve dhe b tumclion % e cow'hw-h_d \:»( a machwne My .
Comnivuct 3-4ope madmne M Wwith ‘\n\lowiw& acfioms

1. Write © to the dape 2
1. Copy 18t JVQQQQ: ancdd Lok J;an. (w scc&m.mcc)-b&hc o
2. Siwwtate machine M, with the 3ra ape
4. [§ tape D is O deleie the conteut of fape A
Copy the {ape 2 Lo tape 1 owmel Whalk . Diwcwice
increment the tape L emase fape & and couhwae
with skep L .

Tha par\%al reeursive natuve of Turing wadh (e s

Theoram
Any com pu&akom\ procass ﬂmformad by
o Turing machine ¢ aclualy he process o cowhau{—w%

a toqv*{)\al racnriva E-wm_{-\'.om,
c) be uTuV‘iug wmadmae

Rroo} :
Lat H"(Qlilr‘asu%ti
amdlet b= 1T, We will in rpvete the comiaut ot
tha 4qpe as Po.sih‘ua: ‘wieaer with b-lase mpmmn{ah'on
Jlorad iw Yayavsa ordav . For axample, t§ AERTHAN
with codimy xxd el A x O Calways) than the conlaut
of the dapc Ayx ARyAR e qﬂp}«uqh
(o dhe wmber 504,
(o= 2)

uk 02400200

amdk diter ravarsion - 002004290



3 [} 1q
With hie m%crprzéai\'on We can ovsidere o vun of T.wmacdhine M
as o comra\&‘l'auovl o (laar‘t\-{u\ %wel«'.oh

&: N—-N .
which ma{oe the numbervg mm«‘oomdimc& 1o nikal comlent

ot the tape to the mumber cowmapmd&ma to +he cowlent of

the tape afier M halis.
el M ba coded 'maclninc M whave the codec

of states are: 0%3., Aeqe omd other et ove

coded loy (wicqers L3 .- k-4 & lal=k .

Recamse skalas amd symbols oxe codaol oY i“*‘t%”sl

we Can rcpr«:&m%’t J‘qn“&.{};om ,‘S«wcuov S \Ol1 XW%@V‘

dumckions : p it St = (R

mov () = { A % S pd = Gyl
0 otherwise

Y \-& g(@fﬁ\::(*ﬁ(\

sqm(p‘x) = i
| % oithcwise

g S(p\x\':Cj_t*\

stata Cpp) = i{
k & =0 or SCppd s noh dafined

The —\«Mo(«'oms oV $ym and slate ave taoular-
Lumctions amd  hance Pu-{«ial raeureive umckions .
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Now condder a cou{«'awmkov\ o{ T.wmadine ac q%ilole.
(W
Where W ig cowtent of the Lapee, ra"is the curremd &ch-k\ amel,
N nxl s the posikion of the haad .

A &‘1“4’00( undar 4he head can be c‘.ofmawjf@( from the
Qm&-irazwﬂkbm bul F.r@cweivda -k—umc-l«'om Q,ur‘s\-l\m:

CLW‘SU\W\ (W, FM) = j_Ulo (Wl L") YWU\H(bl tuo ( Wt\"”hﬂa)

L]
e

Let it Uustvate for W= 1420124 h=5 k=2

W= 112,04 0.4
1 davide o

Mo 2
(16 2

T W\ulkple °
A1

T devde b"
W= 14204214

We Aetme  onther Wd—éoms :

e

hd“-ﬂ-h“ld(“’thh\ = =g (mov(p,cureym (W pin)(A) +
| egCmov( P tarsym (W, n) )

o

&F:a&c{;g nexk ngl«’w ot the head ( O value maans movnsxéﬂ

—

nexk shabe Guyp )= Shote Cp aunsym Gy ¢
. muN ( k \ Bl Wz__’&hm_d L-\D’t‘a[“\ﬂ '

LU(. .chjrhmo(‘ =0 (crrornous shift) then +hen nedclale
cvaluades Lo value %\mkw‘ than k-1 LC. (!lmaal clate )

L



T - p;

naxkdape (w ) = (= walk (8" cursym (oo ) + |
mulk (Bhl ym (p, o,ur&x(vn (wlraln)))

—

whvch cialuates m*a.%c_r mpmscmkma_ the waw cowtant of the fof

%U\ comleimadion ot vaiows. -&Wv\c&{ws we comedvuct
4 Jumcon shep which Mmodele owne clep of Tuh'ma machine :

| Shop = hcx#‘ra-\;c_ « neckstade x nexthend |

Now we defiue @ funckion run: N -;"ﬁ“f"?;'Fﬁ"nw(k/.'p.n,ﬂ
PcchYowrms 4 bansiMons cstaps ) from Eowg-iaum-\—iom
({""\‘Pi"‘\‘

| AN (Wl o ‘0\ =( W\’P("‘S - §
| ewn Qpn B 1D = siep Crancw e &)

B

A -&umclno'vl towpu’«rd b\1 +he m&d\{vw. H‘Ugotr 'mpujc w)
(s value" o the fape after the tinal &tate (state 0)
‘¢ yaadneo  The nuwmber of rcaulwcd &"«Lps 18 8¢u¢m

ST fumdkion stoptime:
—_— -
.slyop&-ima (w) = fut L'Wf‘ (run (W42 *) =0 |

Weé com comelude -

Parhial wcuon which \m:pms.cr_mlfc. the wmachine M

s He dumction -&:N‘-"N - 4
(Jy(w\ = T2 (run (WA A choptime (w)|

f ic clear from the conctruckion that { is (oav»l%a(

retursive Aumcton.
G.E.D.



TO C.O‘Y\Ob\'\vd@ :

" /a'// fﬁfﬂcé'oﬁr

parlvial recuvrsivy =
= Tu\r‘i'“f&~com |oa+o-ble
ﬁ-umcl-«‘.oﬂn&

Thét {OOWG‘-\F 0-% (:)tr‘ogrml/v\\mfmqr \m%aa,o,g
{ \\ \ U v

A Barz - Bones Wogpramming L anguage
\ § ¢

it

We (ndroduce a.nwxini ma. ‘ov-o%mww-im% lwueau.a&z Plee
with the :{O\(OWN% @cpression »&acﬁh‘-’n’aa :

Date sheuclureg - simple ih‘tccacr vaviables mpmmuu«o&
oYy wdenk{ieve Chon-m%akvc values )

SM*G-W\‘.M*§ 8 .
- (@) \wmevr hawme
(o) dacw wawme

@) while wame ¢ 0 do

awnd

T‘I\QC}NW\‘- AV\"‘[ Par,\f{&\ CLU VA VE -k\k/V\C.&'\'-O’V\ com \0@

@m%mmmcdl. M Plpg and any TL%& proguam daver tbe g
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| o y fall off ! the (el and of {heiﬂv,z

Evam ple
/’_\‘QQ T. machine 4that uhu‘Hs
R‘\___Z {QA/A the head o the d—cm#
"@_ ’ wmlool A rc%b‘{ fvom the
Qbm Crrend ﬁoﬁ'kow

F(W‘ (‘{.xmie!_a: ‘

Aunbabkan ... ~3 Anabd baa...



9',1, Hodu(ar L,ova‘ucl«'oh 01( Tur'l'wl wmachine <
: ' §)

(-Owdoinimq_ 1. machines
\

An approach s dmilar 4o the caw oJ(CowaMM?g -kw‘M-uLe..
wulowate (yyour Pro&'cx;ﬂ_

Example 7.1,
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To and the Lam.?(,.o.%cc Lo .
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ot M as (MY . T(H) (g bihar‘l &‘LVTMC& whidh cam be udtedd
own ‘(h&o«d of M. We arz iwlveskin C.{_ whe WMadwue ™
dor GCHY wil be haltded (Hic &.QLFWMQMQWMQ N ov nek
( HAiS wown m({’rww‘mum%) .

We d¢&£m the lau%uaae, LF ouer alphabet =40} as

Le= J0CH) L His u\{J,@mmku%& |

The lfla[%{h% Yamb(a;m (¢ vaded o u [problem of decibiliy
o} the lamd,uat&& Le. Thic problew i¢ un bordunade [y
Undecdable . Ve cum prow it lqhqloak.‘.du[{.o deet b (¢ by
ol Lo, lm1 Coubaceion
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S0 7°r¢+_tu‘. SUppoce that there (¢ o Tuh'm% wmachine  denote's ik Hﬁ
which decides +he (am Uagqe Le . Now lat ue \Moda.'{t( the madmue
Mo tn such way that modyficd ™ madh(ne Hri_. outputs O resp.A
\ﬂ M %w;c A mcicoqe Nlhzst;.\(, The madhine H;: hag hence
Jra.}oc Q(Phabe_-l- %0(11 A awd can be used Lo congtruckion
of T machine M,

R A RN

We will examine Jf ‘he. Machine Mg i scl{ﬂminqkh
(t Lg i d‘tLiOlQb(Q‘.l‘lr‘nth the anwer (g fu'lrlneru\/cc“ ov ,no'

@ Lel ue mf‘aosa that H, ts &ml—(*’r«ﬁ‘mm#ug. Than -&00“
MY the machine MY halts wilh owbput 1 omel, Mo
Qe ”‘(‘5"“’6 teare SR gy yclee forauar,
Honee
‘ P .

Mo (g uualH@‘Wwa{«u% => M, (¢ “hohm[(-{ﬁvmt'm&uau
() Lak e suppose that Mo it honx@[&’r@rmm(«'%%-m
o Mput CTM) the maching Me halte with eubpub O
umd - the machine Mo halkg . Henee

Mo is Mome:({&v-m'ml—{wa => M, (¢t &c[{-%bﬁu«,{mk&%

Fwam (Mcom-«itkum o{ Yhe bo«Lh 'tw\{‘ohga{iov\s e
onclude  hek dhe aw.w[okou o} c(mcx:o(alm'ltk{ ol LF
\xa L —%«(Qca . So dhe ['/\a(vl—{mq\_ pv‘c(o(@m (Y
undecdals (e |



i1
Ho.ﬁPoer ¢ COres p(ovw&tl/\crz_' “mro blaw
: \

’?bd(’ildhom {
The st § of ordeved Paivfr. of ériho&s over dlpha bzk XL

Q= CHORCHTARS [(o(kl(glbil\ca‘l W pee LT

¢ called Nogt wdam oar alphabet T

1
The  colmbon of Poste syclum (s cach womc.:m(:l«, Cquence of
tadural umbars L.l\t,_lﬁ,__L,M L%QL \ quch thal

O, %, - K, =($g4[s;_z_ (ér.w.

\Thf- ?0&'((\& Lp'f‘v*ccspoho{o,ucm pvo\ola:m :

Ic theve o colubion o %){Ud:l/\ Caw['\ Pock' &‘]d@v\ L

Thaovam .
Qost's covres poudened fvofo(&m e Undecidda ble .

Proot- b com be shown et Rosts corecpordence pProblowm

e cquualent Yo the ha(m% }omu@m

E xam ol bR 4

L Lek §= Xosbb) (babbb,ba) (ba,a)} be he Tost
X-‘.&LCDM ovar §abl .

The widam has « Lolukovx (,\: l{Lq_zfl,-i,%:/llLT:&

Cso m=l)
bd\:bbéﬂt‘?_‘b& = é_?‘_,bbb] bbb «,
W o %y X %y Lo &y (a [



L. On e other haud the Dogt w?ufw,
L= §abiabb ) (aibha) | (b bb)]

nag wo solubion t bavumse  Inl< \[Lf( fov YR

The Jocd (,ovmqoouola,mcc [a/oblmm L¢ o{)ma e d ~fow
* proo{ OJf uvldac{'b\'\i#uj of some {‘Mk:ouhw‘c }oroblaws :

). The l‘orolo(cm of non-gpnphinecs of « \%ﬁua&@
(kcm«;m-k:ut‘ b«l cowdaxt - Sanukve %V‘qwmav

I N

L The E:m(o(tcw\ o} \Mccwbccvthiro of W n L(Q)

1. The ‘:W‘O\o(tUM o{ mr}uiUQlav\m o{ w\r(e.xk/&mc %U‘QMMQVS

<
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&. COMPLEXITY

The S.Lu-d\( 0{- Comlm‘i‘ah'oﬂﬂl fv‘oc.mxc.‘s Wag lad o the class( k\'c o4lon
of problems  into 4wo ool ca{c%m‘cs:
- {he solvable problewms

~ 4he uncolvable Prob\cnms

Now we will Jeal with the colvable Pro‘ohw\s W coucatrate oun
atteulon +o %M:Hom . how probleme ave M{fieult Yo golve
with vespact  of N}mno& Jime ov q_‘oac.;;‘f Thiy agpect iy
Calied Cﬂw{o\mﬁ ot Iorouam

Two bokcg "'N-WJG.,\ b% ‘_Dw.*o\tx&-h.f ave di(%ur\'shcd !
~ {ima com'olcn'H

i c_owwcwik‘

4. Complaxily of Tw{ua_Hachim. QOW\ou#aln'ous
\ , &

—_—

Time com?(ml% ~ the wumber of chaps exectad during
(;ow‘ow‘-q{-{om

Space owmplexity - the  vuwloer of {‘]‘ol‘. celis. reuivent
by the computa kion

Bample €A xJa i
. . A] R Q O
Vo ——O—- B <] ——%L!A

A[ X

Hov (v&pu# Axxx AN = 4ime cpmtolcxiL«[ ot cou‘owk(iou v 9
Spuce —~ g §

Stwple {w?liccz,l&om ; —
\% 'ﬁ:ﬂ: Hwe (.OMYOMH OJT w Lation O&T i& n ‘“m;v\ QPQQ,Q \
_ omaglexiby of wwpiation ot T & wet greader than w3 - |



R.0. Cowq'O\cr»iﬁ o algorithms and forobiewms
The dacorelical aﬂomaok is based own "L_m'im%S thesle

Eada a\(tori‘rhh« s '\mtohwmhb\a b\{ some. Tur*ina. wadi ve

Then 4he Qon\‘n\cﬂihl of G\céorﬁhvv\ is dona ‘o‘T analyscs of
the COFrespoudin Turing wachine. The aim 18 0 exprese
L%mwp'ﬂd) reguived fesourecs (Hwe awd gpace) as
a fombion of the leught of wpu &&vm%s Cinput olata )

MWH we ol{s.-\x'mawtuh

UY worsh -onge mlT we
(2) best ~case analy s

Q) o.ucmx&cc- Care aMaLIh’g

(-Ou«pkcwi,tq of iorolo\am& :

The cowplestly of problom (s the comyplenity of the oest
lemownm ap\oro\/cd. ) a\ram‘rhm ok e Colullon

t)((llM.E‘Q : '
Fivd the CDMY.)\QKA'\GI ofs .slmiwa, cow.foaw'n"m onlo(ttm

Ularnadive a.!:pmaoh :
Rades Covrders ) of Growtin -
OUm) - aymptolial  upper \ooundt

® (ﬁ(\n\\ ~ u&\imrﬁ-ow.a\ #ith\n’r loouwnof
&_\C’g(V\\\ ~ u»‘tmyo’foh‘ml owev loouncd




2.2. Time eomple.ollq ok languoge Reoowiiow b;ob(mmc
U VAN v '

Def hion €.1.
Lel M be (single or wultate ) '(‘\;w-iv\?j madhing which cowmputes
e ‘oar’da.l fumction X 5 We Sy that M computeg 1he wwiion
"0 poljnomial Hwme } thaeis a P"‘“I“"M’:“\ PO such 4hat ton
cacly weX* for which () is defimed M computes 4W) W ne
move +haw p(\wl) erqos. The erukon ‘g~ is Called the j_u.ﬂ_kck'ou
_uw«.!euMb(c i ﬁaoh!nomid fwme . |

Theoram K. 1.
Let 44 amd {5 ave +he fumiHous Qompuhb\e W foolynonce!

tme.  Than uampoa’h‘ou\ {p’p. 1y alto computalele iw poly ~

nomial Hwe

There is o Tw{na madune H, that owputes Ly(o) v
wo move tham R, (|ol) afeps and a Tuw‘m& maclwue M,
that cou«twkt: fe(w) in wo Were than \Pa (L) &%st,.‘
P1G) & palx) are polyuowdals. The Turiuy wachine
—= WMy whidh Computes t2o 44 () nas for any A
he Jf_°“°“"“"“0 ww‘olem'k‘:
B+ Pa (pyClotdet ), when

Py (i) (s the c_aw.?\e.m'.l-] o“. (nmluulq.\«‘.ow Im(:u—}

py ()44 in Maximal (augih ok output of He
F:.L?‘\L\Wl)’f") s the mu‘;tcakl ¥ comrzmhk'ou ot 4o .
afplicd own L)

ltw\&uk cowp\emlL( < dovioah'r ‘mlx‘moww’ml.
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Theoram £.2 .
The clacs o} .\u«.uuo'm& wivith o.ve co'wtauk-o.h\c b\‘ MR-C-{-&‘OG_

\ﬁarim& wmadhmwmes v Ponwu'a\ Wwe it the come ag the dacs
of -&Amkoma S b\I m}\c “ape V. madaiues in \ed\( nowna | {tue,

WW;L{OV\ £.2.
We sm‘ that Twiw& macmme M eccapts the 10M%u.&%,!, L in
MMOM&.\ Wwme \'.{- L= L(M) and thare is o POHMM&‘ P(ln)
wdn thed the  wawmber o& &\Qqﬁc i."Qa_m!mc{ {o occept le W& L(H)
is ho tavm{-aw thaw P(\w\). We defire P fobe the dase of la.ua,uaau

{nat com be accrr‘a'ho( 51 Tuv‘{u% wmoadhineg (1 (aohlmam'd i

Theoram & 2.

o T. wadhine M acepis the lau%n.&a,c.

Yan G (¢ anothor T. madwue H that alke  asceple Loin
wowdad Ume bul indicates ucceplamee ‘m[ hqlk'u% with tupe

w“ki%u.muow aYaa ...
P'R‘Obk'.

Theorawm € 4.

L tw taok‘lww«:d 'h'f\ue.(

‘LG;% Lbe a laid%u,a.ax.. OCMP“CO{ bl-[ M&H‘t‘~+€tbo¢ Tuw'ua washine
n polynomial Kme . Thau L be.(omc&s. do dlagg P

?“Oﬂx Wwe dt{\.k& ‘K«@ %MULCOM *.

J\'Uﬂ-_{\f 4 wel
1 ho b dciimed {{_ 40"#\‘

Anel aPI"W Theorem &.1.

| Co\ac.\u&,om Rebusknest of e claws P {

[R—
-’



8.4 ?oltlnpwwm-in‘m dectdable lamguages

Mi&wﬁkonl o} Po&jhouu‘a.hl—ém fecictable lﬁMWﬂlg vi cbviou g .
Q: Whal i velakon belween Pol«‘y\,-ﬁu:u. aceciotuble  anot VBO'P*-[V\-—'HM
dexdable )%a#g L
Theoam &.€.
KoL po\ﬂmmlul Ly acceptable l&MT«A‘XL than L e
alto  pelynowwal Lwme decido ble \Cu&t‘&u_mk(,‘

Jrees: Lel M loe T.wechine that ar.ccph L withonk clowormal hqlk'u?.

d o adakl&qn ok abworwal “Q\R'\u& \wc. {-MMU‘-WM {\l\'\m{- ':qqoc. Wi

woy
SR — G VI ™
A (nput ' (Wput
A g Giewwmption there (§ « l'oo\xtnom \D@\\\\x}lﬂl‘d/l bondg
fag Wamber of siepe of M mmcf:&imc& w el(M) \01 vylua ‘a(\w\).
We will couwnek 4 -tape T wmachine M whith cewdes L
A i)oi\!\wm'.a\ e, H' 1L & mu\oaﬁuou o wmack nes My and 4.
| e tubsh kellow of

A. H1 wakes (..D\o\\ nk— {m.uwl- ay amd
&’M'wa AP on 2w Fajpe

T w
o —— W .y
Py

4 com be ghown Hrab M runs in Polyn. v
2. Hy wiawloker Hé with  sewa woM{\'m{\:om :
@y cacdh dep of M lwmhes chitt on Tud qu‘oc. A cdl\ h‘ahl—
(b) mdm'w% final stadel of M Twples out put bYoo
) —« - blank v 20 fepe -4 - aNap



R.S. Time com‘o(c;a\(«.l o& Aon dotemime bie  machines
"D@%.{Mliom £.2. |
e S Yt a nondelermiiistc 1. madiine accepls the
auguade L in olynomial ime fmvidcbl L= LCH) and there is a t:c(k\holuial

U
f(‘ﬁ) andy that ﬁm‘ any We L| N can accccp% W 5-1 a cowlowh o
WO(UEM% ho morz than \ioClwlB steps. Futher wore we defing NP

Yo be the clacs of \Wtauat“ thal can acca ‘olm‘ld \o-l now deterwaiitkic
T. wmadmwmes 1 Fc’[\(howia( e

We oan '\VAmcd&alclki aim that

T o NP
The 8!4@&&-&0“
)
P =N
& one of the most known ofoh problewme . it ic believed
thal PPN,
Summairy ¢

Poly nowal K Aater i witie Qoutm‘ga&u'ows;

2 wolvalole ddision _ decdable _ acceptable

; th\cnwls. - cm?ua qet |an 0&4\&%‘_3

%\\wom'ql fwme  houdedomiug the (_ow‘m‘mkom-.._

solvable decivion _  decidable & acarptable

problew ¢ B lamauaau law ca«ou &tc
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£.6¢. Polynomial reduckion (alco polynomial famgdormakion )
Defwiion .4
A I@O\ﬂhoma\ reductcon -\'colw\ a- lan &c Ly over X, \,-{*0 another
\ahb‘xa.n.tka Ly oerx, ie o Wd&om t such that

f @) YweX,: wel, ¢=> Jg(mﬂ&H_ 1

|
L @ +wmbe d by T.wmachine ™ jolynowna| +im
| &) { can be computed by Twachine in fujnowial fivte)

l{‘ thae (¢ a Po(ﬁhowvial vadue ow Igvow. Ly 4o L, lwcc smf
that L, roluces o L, and write LyXL, .

Theorem €. 6.
f Listly and L is in P I-H\etn Ly 18t P

Let H.‘. be T.machive which compules { and ot pCx)
1 the {Hwe Qoua‘a(m(«l of Mt. For any wely e coufpute Ko
"\(mr) requives o Moz f1gn P(lwl} dlope  amot ugivt.g the
oubjouk of the \anght (cse ov eqpual pCiat) +lwl
Lat M, accepis Ly with _\-’.O“N\)\Q-KA:IAT 3_(:0 . Now comvioler
Maa comr;o»{.uov\. — Mg, This wacdmne aeceipts L4 | for amy
wely the wmadviad ~»HiM, wakes wax,{mh(
Pl s 4 Cpli) «\ao) ope  donce = Wiy, has
Pelnonial wmrlcw{.H ans, L, € P,
Ex e &.
W—R\C J{um.cuom -\: {K‘Y!t*—) {K‘\/(tl* vlc.{\.‘m-w( b«,
L) =02y L @ Fou\uowca\ resucdlon {rom
La=jwlwis Falt‘d\rome. N {x,ﬂ*.‘

_“0 11_ a%\olw’k \ w'€: %x\\!i*}



$
Theoram £.6. cam otuce Pmcl«'cnlh( o show thak %,i.ua,\n lanam-.%tl-
ic n P L&\ we ;v Yhat anethar muxmttu L eP). Hove ovev~ oy
\mvomr." ot Theorewt R.G :

\ I Lyt by andd L P dhen Ly &7
we com  show Yloh‘cﬂ-(w"k“c“ o P

2.4, (ooks thaorem

(ook's theormm idcﬂ{-\'-k\'c& @ \wuax.w.nap., (a datmsion p«‘oblm)
n the class NP Lo whida am\‘ othey \awxmz,u m NP cam oz
reduccd \9\1 oWe Fo&‘uomal reductom

SAT Prob\cr_m ~ 4he frodem of Sl-\'i&*«ab\'h{—.,
Let V= S'd',(%_\ . U'y.'s be « -Qu\w*c et o{ Roolcan
Jariables Vopoal-\wu&\ Wa Suppore truth amo,‘mw\- V-5 Yve pohsel

Eada ve oY v (m%akon of vi) (8 cal\ed I\&le

We it clause owv V o bc: {ormulo

;om#amm} llaraly  wowracied \o~1 v (ov)

E%W\o\ﬁﬁ of clauses
oV V%
V;V\r'b .

6’_4 v 3',6 vy,
CAT pro(olqwts. N &wwlqw as Jio((ouui

(prcm “ -k\\wk &@U/ of vqwablc: aveh & col\ul«ou of i
E dauses ower V hl&fHﬂc"‘C a4 truth a;sutmq.u-} Ahat E
 saMsdies e clomses %

;




A GYWG:VI SAT Pro\o\cwu can be coded \on1 a gln%lc s{vin} .
Let V=§v, 0 ... V). Bach ldaral vi 1s coded by
the .&Jamma ot Olg !Dq# adk A4 Poul«cm e U codeod
Wieral L8 O or \n &{. Coded |ideral (s & Eaclh clauge
s coded og a lish of ((davalg separated \01 [. The SAT-
ﬁx‘o\o[cm e a hsd o} clauseg n Pﬁ*@u%m{s .

Emmx:a(v-
The SAT problam over V=3 v”uf,_lz\r%% with clauseg

€S Wmmw bl.l the &lv'iwz

_§

(1§00 /000 (Op0/ 0OFY N0/ 00w / 0p0) |

cat LS&T be a (an ane of swuch erb“\"h%a xhich
Y@{omsm+ &chkﬁubl& e of clauses | for example ‘-an
above shring (8 i Lgar (0y=F o=F v,&-TB On the
orhay hawol %p00/0po\faoo/opo)(roo/ow3(moozgno)
(¢ ot tn LAt

Led us wow rapresent truth ascigwmente 5.1 NI &

Over ;‘olh} whare P in th Ponl«on (ulicakes tuad oo it
awh 0 im “h ‘oonk«ow (molkcates that Lrk (« false  Thewm
ask b for Yven truth asynmant (g saklefinple Low Yivan
set or clases (¢ gu\w[o(c-.

Hesianmen b { ﬁmg l
J, = € - :
1. '0'* a'{‘&_ﬂiﬁ-—‘—*} [

| e vm- p nn R
clouses « (p00/0n D) (-OPOIOOM (noo[00n [0pD)



o-\- *@L{w& Camd c,odot'.m:aﬁ bruth acgnhen & 10

‘Fotlowﬁwk it @rinu‘\n
whidh 18 mdc—*ﬂwlwi&l«:c.

wa com cowsbruck D -taope T wadhive

ami acgpts  Leay W po\%mowia\ Ume . The wagdnine will
A, shack c.ow(mkokou bl{ dncclm& ot e nput it a d«r;‘na \m:pnucukm}
» coleckion of cloamses

) were , tn viowdelermd niaklc wman

wambar ok Javiables n the

V\O{‘\a s-Lviua o-\- P‘a omel WS o+ lth}“d

tr-‘au.n-l Lo the auses ow te secomdt J(olpe.

‘0\\* S.Jc\ﬂ'h% while

head ©Ow the "\V'd' -La{! acrots the in
Dnd fape satisfies

L pove +nd Aape
that the truth au{‘uwnuk on s

-*a&\«'mk 4p see
e Jdomsec D@in% scanned

Thle FTOc.mcg Com G:-D«z,'\\vl ba lm?la.\wtulrtd witv Pol\‘lnuw&al

Theorem €.3. ( Cool's theorem

- L is ova lav‘%m%m in NP I‘-Hmm La Leat .

?r‘oo& g
daceuse L E NP \Hrmnt. (s wowdelermimithe T. madvine M

umol  pobyuonsial PO such Hhat Jor awy We L madume M accaphs
w W wo wove than pluwd) thepe, The heavt of the proog
s @ Po\t\ho\w\'.m\ radmetion JY -&row\ L ko Lgat:
v any wel the value o) willbe 4he sab of clauses
whidh ave &Q{-\‘Uﬁob(m {&. omol ow\u[ it M accepie W
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NP - cowplete lanomages
) N N

Siwe the diseovary ok Cook's Hncoram Many othor languages
i NP havwe ozewn *mm& o) Pouu e Qame Pivo%a\ P"OPUWCI as Lgay -

To e Polwho\m'.ul veduckione of any other l&w&ua&u n NP
Thase \OM-XML%QS ave said dobe NP-complete QSEEqN!%ﬁxB

e omy one of thase \mw%es w@w e accaplea by Actarmindehic
T. madmine ™ pdﬂ»\leiulw lw NP wmed be ec}ua( T
Couversely e \Mor.a.r&c. n NP cam e shown o lie outslde ot
than al the N?—wldc \ama;quku wack also lie outeide of P
amd,  Seavch for cffician wdulien ‘o these Earo\o\wu & uteless .

A Sampltng. of NP Probleme
—f

I fack all ¥he licted problems have are NPC problems

Formal {omguagqe amd aubewalo theory
NN

1. Two wondetermimichic &waéic aulomalon ovar
the came ulabed uccept W‘.&E«:m«-ﬁ (Ma,aa%cs. ,

2. Two M%&l&v‘ ccx‘orcnc«{ms over the same olfabet
N‘omqmm{- MAferant [MWKQS

3. Grvan OL\E«‘.M@\Q cdlcction o& DFA ( Pespovet %
4{-& amol om(-.( Ur there {8 a &W;’Mi:hal- ]

accepted by aach of the oubowma
the collecton.

i



A2
NQMBW ‘Pnc: oy

1. G(WM three Po:iuuc ‘m—k%@rs Q(L omd ¢ m.spoMoL '
( {
i{. amd.oulv.( t{_ tha cca_u.n.uoh
O\.5C2+ L‘)Y = C
hag a sohbiom that cousish of va'.l-i e iMJtd:ad:V‘s

2. Giaw -\-hmpoh'—u"t 1\:\1«:&@- a((gla.Mo(Q : \thooud,‘,’
Q( el 0‘\~\A1 t{- +heve ¢ Po&luuc ‘ck#@aw w. that
1s (ees thane and  x%= a Cwedl b)

3. Guwan a faite colieckiow l& of Poeil-{uc lwk&r_(r‘
amal  anobhe Po:iua ‘lv\{d:&e:vm( ra:.cpow[r’ &k—&
thave s a subsd-o% v whoge suwm is 0.

Logic
N\
4. Guaen « colledion of clauses w which cach
clomgse comtaing dzxar;{-\\i three Wievale recpond

e theve (2 a frue qccf«au\ maevt +hat QQQS{-{'Q(‘/(
the anwhive colleebion . This ‘arob(a:w\ e lhown as S QAT

2. Livem am exprecsion cowsiet of variab les
conwneeked BW u[vnbols *‘\[v[/\[ 3 ‘m&pwd %
Gf thare v o model of the Cxfprecston
( An aca«'c%vmcm-l— tha} avaluates the exprecion
to {rue value . |
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Schediling problems
— _

1 Givan a cal T of Hades | +he amoun o{- Hwe veguireo
d0 CnW'P(a-(-c each \ndivdua| task & FOHL'.% iwleger
amd o dadline | regpond ¢ it£ +hcmz te a way of acigii

h
the Haske do n procescors ¢o thatanbire sl ot felee d
Will be wmpleted by the deud line .

GCragh theo Yy

i klon

>

let C=(CE V ) be am oriankea c&tra\nh

A ‘Rfm:o\bacl(_ vartex sa:-l L a Su‘ose‘.k S SCV uch
Ahat oy c-1cle_ of G eomeich of some uczu\kcx Ceowm S

A redback cm(gpr_ et 18 a subsn:% F FZE Such
+hal any c‘_tlc_lcr. o]l G cowgred of &ovnca Cco{%c; Lvowm F

:FO“DM\U& ave the NPC Pm’o(qmc :

1. e thavre o dique with kb velexes C\c—-c_\\'q«cz)
- of Caimvx Chowowienkad ) %&m\n\n (!

2. (edex Covav) | thare o dovmmalbin %
&t of k vardexes 2

’&.(&9}'@\_“{00\ cflrcuf{-B ¢ theve « Hamatton

civemb n S ¢ 2
4. CSQJWQM!HKQ ls a %mf)\“‘ G le~chromakic 2



S-wa“(‘_VCE"VEEm%@Q le dhave o feedbace
farker seb with & Vertexes in G ¢

G . (Faad back cco(gg, -Qt"r) ls ancm a,‘gmolbaclc @a(ao:
b with k@dt&as i %mtah (‘; L

Y. CDivacted o lton uvmdﬂ {-hcr_m a
ol Hon u1c\¢ i Onanked C&NF\(\ (‘3 z

Sed -Hnd:otro] |

A. LQG‘-L couvaV )

Let S, S v Sn it w collactiou o\( etc.
le thave o subcet with k el &(”&‘,_l... S(K
ot the collackon cudh fhat

ke, n
U Sl - U >
" {=

Z kEXOLcL uwcw\

Laf Sy Sy -+ Sw it u collackion of tads,
ﬁs there e covar which Cousist of
subsal o{. Fmv Wwise ol;\&éovd- (ete of the c_o((mc\k'om.Z



| AS
AV\ oHM:tr &Pptroac\r\@ {o the QOWP(@O\’H m(lfg('s

Ralec (Orders) o4 Growh

wjlw&{ov\
el Tbe a sat ol %umc_«l—(oms. Lrom N 4o N
Tor e ng,uo\n £ from T we deline sct ot fumctions
O ' @({B |QG\ called ctw!vwiﬂkcail% Upper bound |

A&éiw+okmht1 k%h’c bound omd agymiolically lower bound
mp‘fd‘lw‘—\'»( iv +the -&o\\owim& Way :

0O (-g(m\ = ? c&cml there ave posilive couckants ¢ amel ho
Sich that D¢ 400 € ¢4t fovall 13 hot

@(—&CMF f %(h\. [ %Cn) ¢ amd dhare ave Pos—il—iue_
comdtombe ¢y ¢y aml Mo Wich +hat
D¢ ¢ 'E(h) £ am) £ Ql{-Cn) —kmr all wn >,hoi

D_\q(h\\= %%C\n) \%(M e amel there ave poc—{l{w:
conttarts ¢ amel e such that
Oscdm g a@ﬂ foral hyho

The -Eo(lowin& &i%»\ms Uudkrate Hhe dcr.ff»'%{(«’ou& i



Thcnow:m
tor amy wo fumct-doune {cm el g () from g\j
the fumebion 40w & in @‘C%cm)) B 4o e O(gm)
ol {(me-&),(a(m).

Rroot « Folowt fvom dccd—»"‘vil‘*'o“.
Mﬂ! :

——

Lek pCn) Te @ polynom woth dc%md . Thaw
tPC\nSI e ®Cn?)

’ESCQMS;Q @) € @CV\?’) -&WWHG‘-( we will

write ®(n) & @(\/\%) awd We ave conticlent i

3 fsm(o(«um wibh complexaly @Qﬂm>a&_ (@ce mmpl@c
than problam With Complenily Crate of quot) AC*)



r
RAM amdt RAEP wodals

| "Ramdtomn acess maching ~RAM wodel

- | Uzad ownly
] % - %] Ttape
| | )“fd'_mov'q
. % Accamulator
SLgc.a{-fgm "
S reojam "
Write only ‘l)
tape Vol Ya ...
[‘h&lvrud{ou < Oparand
ok RERD ndegers Crame o s 1)
i;gke E‘T}\?‘SE Addrestcimg modas
s . M0aZ
WR JI6T2 CQ) h‘{{m( CCDM{{-GM{'S 25
MULT  T2RR0 (b) divect addrecs oy
Div RALT ©) (ndaveet addiess %5

The Come ae RAM wodel but the Pror&mm 1t chovre
n NG‘JMW*( ( haence there (s Wo addmac«'mg ol -‘rt“QQ A
%C_bwc&mm com oe mOdi{—\'cta( keelf
Theorem = For amy RAM E)roa(mm with Hwe Wlﬁéﬁw’ {(n)
thare 1y a constamtle Cuch$hat Hwme co'wtflcx«'ﬁ o& C'-‘dm'w lawt
RASP program (s k. T .



