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Theory vs. Practice

a) Configuration: pax
d @ - Next Configuration:
Q @ ;X Or g,X Or g;ax?

(g, - ‘Theory © x Practice: ®

b) Configuration: pax
—@) - Next Configuration:

@ @) only q,X

@ ‘Theory @ x Practice: ©
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Use of FA In General

Simulation of all possible moves from every configuration.

Example:
FA M is defined as:

Question: ab € L(M) ?
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Use of FA In General

Simulation of all possible moves from every configuration.

Example:
FA M Is defined as:
a b a

'|-g,ab
b
sab4 |- 0,ab |
C _sbh |_ q2
“ -0,

(o)

Question: ab € L(M) ?
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From FA to DFA In Essence 1/2

Preference in practice: Determinictic FA (DFA) that
makes no more than one move from every configuration.

1) Gist: Removal of e-moves
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From FA to DFA In Essence 1/2

Preference in practice: Determinictic FA (DFA) that
makes no more than one move from every configuration.

1) Gist: Removal of e-moves

OIS NCEN G
ad

Definition: Let M = (Q, X, R, s, F) be a FA.

M Is an &-free finite automaton if for all

rules pa — g € R, where p, g € Q, holds
acX(azeg)
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From FA to DFA In Essence 2/2

2) Gist: Removal of nodeterminism

@
Definition: Let M = (Q, X, R, s, F) be an e-free
FA. M Is a deterministic finite automaton
(DFA) if for each rule pa — g € R it holds that

R —{pa — g} contains no rule with the left-
hand side equal to pa.
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From FA to DFA In Essence 2/2

2) Gist' Removal of nodeterminism
@ ‘ New State

@@ = @D -

Definition: Let M = (Q, X, R, s, F) be an e-free
FA. M Is a deterministic finite automaton
(DFA) if for each rule pa — g € R it holds that
R —{pa — g} contains no rule with the left-
hand side equal to pa.
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Theorem

* For every FA M, there is an equivalent DFA M.

Proof 1s based on these conversions:

‘ Finite Automaton M ‘

v

‘ e-free Finite Automaton M’ |I L(M) = L(M") ‘

v

| DFA M, I L(M") = L(M,) |
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e-closure

Gist: g Is In e-closure(p) if FA can reach q
from p without reading.

Definition: For every states p € Q, we define a set
g-closure(p) as e-closure(p) ={0: g€ Q,p |- q}

Example:
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e-closure

Gist: g Is In e-closure(p) if FA can reach q
from p without reading.

Definition: For every states p € Q, we define a set
g-closure(p) as e-closure(p) ={0: g€ Q,p |- q}

| e-closure(s) | | e-closure(f) |

‘e-closure(p) ‘ ‘ e-closure(q) ‘
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Algorithm: e-closure

e Input: M=(Q, 2, R,s,F); peQ
» Qutput: e-closure(p)

 Method:
*1:=0;Q ={p};
* repeat
1:=1+1;
Qi=Quuu{p:p eQ,gq—->pekR,
g e Qi-l};
until Q; = Qi ;;

* g-Closure(p) := Q..
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g-closure: Example

M=(Q, %, R,s, F), where: Q={s, p, q, f}, X ={a},
R={s—>pp—>g,ga—>f} F={f}
Task: e-closure(s)
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g-closure: Example

M=(Q, %, R,s, F), where: Q={s, p, q, f}, X ={a},
R={s—>pp—>g,ga—>f} F={f}
Task: e-closure(s)

Qo = {s}

1) s—>p,hp e: S—>p
Q, ={s}u {p}={s, p}
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g-closure: Example

M=(Q, %, R,s, F), where: Q={s, p, q, f}, X ={a},
R={s—>pp—>g,ga—>f} F={f}
Task: e-closure(s)

Qo = {s}

1) s—o>ppeQ: s—op
={s}u{p}=1{s, p}

2)  s—>pj pe% S—>P
p—>p5p € P—(
={S, P} 1P, 9} =15, P, 9}
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g-closure: Example

M=(Q, %, R,s, F), where: Q={s, p, q, f}, X ={a},
R={s—>pp—>g,ga—>f} F={f}
Task: e-closure(s)

Qo = {s}

1) s—>p,hp e: S—>p
={s}u{p}=A1s,p}

2) s—>p,_p e%
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Algorithm: FA to e-free FA

Gist: Skip all e-moves

* Input: FAM=(Q, 2, R, s, F)
» Qutput: e-free FAM' = (Q, X, R', s, F")

« Method:
‘R':= O,
e forallp € Qdo
R\:=R'u{pa—qgpa—>qgeRael
p' € e-closure(p),q € Q };
+F':={p:peQ,ce-closure(p) "F = }.
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Algorithm: FA to e-free FA

Gist: Skip all e-moves

* Input: FAM=(Q, 2, R, s, F)
» Qutput: e-free FAM' = (Q, X, R', s, F")

« Method:
‘R':= O,
e forallp € Qdo
R\:=R'u{pa—qgpa—>qgeRael
p' € e-closure(p),q € Q };
+F':={p:peQ,ce-closure(p) "F = }.

-cl
‘8 Cosure(p).._é@% d m
ad
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FA to e-free FA: Example 1/3

M=(Q, Z, R, s, F), where:

Q=1{s 010y T} Z=1a b, Cc};

R={sa—>s,s—>q,,0q,p—>0q,9,b>fs—>q,,
q.c—>0d,0,c—>f fa>fthH F={f}
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FA to e-free FA: Example 1/3

M=(Q, Z, R, s, F), where:

Q=1{s 010y T} Z=1a b, Cc};

R={sa—>s,s—>q,,0q,p—>0q,9,b>fs—>q,,
q.c—>0d,0,c—>f fa>fthH F={f}

1) for p =s: e-closure(s) = {s, q,, 9,}

A. sd—>q,dex qgeQ:sa—>s

B. gqd—>d,deXx qgeQ: q,b—>q,qb—>f1
C. 0d->0,dedeQ:qg,c—>0,0,c—>f

R=ggu{sa—s,sb—>q,sb—>fsc—>qg,sc—>T}
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FA to e-free FA: Example 2/3
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FA to e-free FA: Example 2/3

2) for p = q,: e-closure(d,) = {0,}
A. qd—>d;dez;qeQqb—>qg,qb>"1
R'=R'u{g,b —>q, 09,0 — f}
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FA to e-free FA: Example 2/3

2) for p = q,: e-closure(d,) = {0,}
A. qd—>d;dez;qeQqb—>qg,qb>"1
R'=R'u{g,b —>q, 09,0 — f}

3) for p = q,: e-closure(q,) = {0,}
A. 0d—>0d5deZz;qeQg,c—>0,d,Cc—>fF
R'=R'u {g,c — q,, ¢.,c - f}

4) for p = 1. e-closure(f) = {f}

A. fd—>g;deX;qgeQ: fa>f
R'=R'v {fa — f}

R'={sa—>s,sb—>q,sb—fsc—q,sc—T,
q,b —» g, 9,b > 1 g,c—>0,g,c—>f,fa— f}
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FA to e-free FA: Example 3/3
e-closure(s) N"F={s,q, .} N{f} = %
@}F' =13
%

g-closure(g,) N F={g,} n ff}

e-closure(g,) N F={q,} N {f} z
e-closure(f) NFE={f}n {f} = {f} =
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Algorithm: e-free FA to DFA 1/2

Gist: In DFA, make states from all subsets of
states In e-free FA and move between
them so that all possible states of e-free FA
are simultaneously simulated.
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Algorithm: e-free FA to DFA 1/2

Gist: In DFA, make states from all subsets of
states In e-free FA and move between
them so that all possible states of e-free FA
are simultaneously simulated.

Illustration: Qora = {{s} {0} {a} {f} {s.a.},
{s.9.}, {s, T}, {0:,09,}, {ay, T} {a, T},
{5,010}, {8,9y, T}, {8,0y, T}, {01,0, T},
{5,91,0,, T3}

For state {s, f}: --

For state {s,41,05, f}
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Algorithm: e-free FA to DFA 2/2

 Input: e-free FA:M=(Q, Z, R, s, F)
- Output: DFA: My = (Qq, =, Ry, Sy, Fy)

 Method:

«Qy={Q: Q' cQ,Q =Y} Ry:=9;

» for each Q' € Q,4, and a € X do begin
Q":={qg:peQ’pa—qeR}
If Q" = Jdthen R;:=R,u {Q'a > Q"};

end
*Sy:={s}
F, ={F:F e€Q, FnF=UY}
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e-free FA to DFA: Example 1/5

M=(Q, Z, R, s, F), where:
Q={s 0,0 THZ=1{a b ch F={f}
R={sa—>s,sb—>q;,sb—>fsc—>q,sc—T

q;bp »>4qg,,q;b—>f g,c—>0, q,c > f, fa— f};

Q4= {{s} {s.a1}, {5,002}, {5,041, T}, {5,01,0, T}, {8,053, {50y, 1},
{s, f}, {a:}, {a..ax}: {as, 3 {900, 3 {03, {9, T3 { 3}
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M=(Q, Z, R, s, F), where:
Q={s 0,0 THZ=1{a b ch F={f}
R={sa—>s,sb—>q;,sb—>fsc—>q,sc—T
q;bp »>4qg,,q;b—>f g,c—>0, q,c > f, fa— f};

Qq¢= {{s} {s.q:} {5,91,02} {8,091, T}, {5,01,02, T}, {5,023, {s.0,, f},
{s: T}, {a.}, {0:.9.}, {as, T}, {9,195, T} {9} {a, 1 { f}}
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e-free FA to DFA: Example 1/5

M=(Q, Z, R, s, F), where:
Q={s 0,0 THZ=1{a b ch F={f}
R={sa—>s,sb—>q;,sb—>fsc—>q,sc—T

q;bp »>4qg,,q;b—>f g,c—>0, q,c > f, fa— f};

Q4= {{s} {s.a1}, {5,002}, {5,041, T}, {5,01,0, T}, {8,053, {50y, 1},
{s, f}, {a:}, {a..ax}: {as, 3 {900, 3 {03, {9, T3 { 3}

Ry= D U {{s}2 =>{s} {s}b >{a, f}, {s}c —>{a, f}}
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e-free FA to DFA: Example 2/5

for Q" ={s,q,}:

@
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e-free FA to DFA: Example 2/5

for Q" ={s,q,}:

@) .

A2 o
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e-free FA to DFA: Example 2/5

for Q' = {s,q,}:
@ >
b @ (b @) -
@ @D

W
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e-free FA to DFA: Example 2/5

for Q' = {s,q,}:
b GB
@ b
ok
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e-free FA to DFA: Example 2/5
for Q' = {s,q,}:

Ry = Ry U {{s.0,}2 >{s}, {5.0,3b >{a, T} {5.0.3c >{a, 71}
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e-free FA to DFA: Example 3/5

for Q" = {s,0,,0;, f} Q

g s
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e-free FA to DFA: Example 3/5

for Q" = {s,0,,0;, f} Q

@ﬁ
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e-free FA to DFA: Example 3/5

for Q" ={s,0,,0,, T}:
b <o b 2

o0

b, C
C
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e-free FA to DFA: Example 3/5

for Q" = {s,0,,0,, f}:

£3:%08
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e-free FA to DFA: Example 3/5

for Q" ={s,q,,0y, f} Q

Ry= Ry Y {{5,01,0,, T}2 >{s, T}, {s,0,,0,, T}0 —>{q,, T},
{5,01,0,, T3¢ =40, T}}
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e-free FA to DFA: Example 4/5

Final states: F,:={F" F € Q4 FnF =Y}
for F = {f}:

{s}n{}=9 = {s} ¢ Fq
{s, 0. N{i} =& =  {s.q.} ¢ Fy
{5,010,y " {1} =9 = {5.0:,0,} ¢ Fy
.0, I {i}={f}#8 = {s.,q,,f} eFy

{5,01,0,, T}y N {1} ={f} ¢ @ = {s,0,,0,, T} € Fy

|:d - {{S1q11 f}’ {qu11q21 f}1 {S’q21 f}’ {51 f}’
191, T3 405,00, T3, {0, T3 { T3}
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e-free FA to DFA: Example 5/5
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e-free FA to DFA: Example 5/5

‘ Question: Can we make DFA smaller? ‘
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e-free FA to DFA: Example 5/5

‘ Question: Can we make DFA smaller? HAnswer: YES ‘
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Accessible States

Gist; State q is accessible if a string takes DFA
from s (the start state) to q.

Definition: Let M = (Q, %, R, s, F) be an FA.
A state g € Q is accessible if there exists w € ¥~
such that sw |- q; otherwise, q is inaccessible.

Note: Each inaccesible state can be removed from FA

Example: D
©
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Accessible States

Gist; State q is accessible if a string takes DFA

from s (the start state)

to q.

Definition: Let M = (Q, =, R, s, F) be an FA.

A state g € Q Is accessible if t

nere exists w € X

such that sw |- q; otherwise, q is inaccessible.

Note: Each inaccesible state can

e removed from FA

Example: (s) @ D @

d

State s - accesible:w=¢: s]-°

State ¢, - accesible:w=2a: sa|-

State I - accesible: w=2ab: sab|-qg,b |-
State ¢, - Inaccessible (thereisnow € X°

such that sw |- ¢,)
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Previous Example

d

a
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Algorithm 11: e-free FA to DFA 1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are
Introduced.
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For state {s}: %
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Algorithm 11: e-free FA to DFA 1/2

Gist: Analogy to the previous algorithm except
that only sets of accessible states are

Introduced.
Illustration: Qpen = {{sh .
For state {s}: @ ' a
Add new states , to Qpea
For state
For state

Add new states ...
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Algorithm 11: e-free FA to DFA 2/2

 Input: e-free FA: M =(Q, 2, R, s, F)
» Output: DFA: My = (Qg, 2, Ry, Sg» Fy)
without any inaccessible states

» Method:
* Sq:= {8}, Qnew = {8} Ry :=F; Qy 1= J; Fy 1= G;
* repeat
let Q" € Quews Qnew *= Qnew —1Q'F Q= Qu W 1Q'};
for each a € X do begin
Q":={q:peQ,pa—>qeR}
If Q"= thenR,:=R,u {Q'a— Q"},
if Q" ¢ Quu {J}then Q,.,:= Qpey Y {Q"}
end;
IfQ ' NmF=xthenF :=F ;U {Q'}
until Q,.,, = 9.



25/44

e-free FA to DFA: Example 1/3

M=(Q, Z, R, s, F), where:

Q={s 0,0 THZ=1{a b ch F={f}

R={sa—>s,sb—>q;,sb—>fsc—>q,sc—T
q;bp »>4qg,,q;b—>f g,c—>0, q,c > f, fa— f};
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e-free FA to DFA: Example 1/3

M=(Q, Z, R, s, F), where:

Q={s 0,0 THZ=1{a b ch F={f}

R={sa—>s,sb—>q;,sb—>fsc—>q,sc—T
q;bp »>4qg,,q;b—>f g,c—>0, q,c > f, fa— f};

Qnew = {{S}} Ry = G; QdA: D, F, =0
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e-free FA to DFA: Example 1/3

M=(Q, Z, R, s, F), where:

Q={s 0,0 THZ=1{a b ch F={f}

R={sa—>s,sb—>q;,sb—>fsc—>q,sc—T
q;bp »>4qg,,q;b—>f g,c—>0, q,c > f, fa— f};

Ry 1= B U {5} —{s}, {530 -{d, f} {s}c —{a )
Qnew — {{ql’ f}, {qZ’ f}}, Qd = U {{s}}, Fq= %)
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e-free FA to DFA: Example 2/3

forQ'={q,, f}:
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e-free FA to DFA: Example 2/3

forQ'={q,, f}:
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e-free FA to DFA: Example 2/3

for = {a.. T 5 bl
b
-OL@... .. 8 © ®®
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e-free FA to DFA: Example 2/3
forQ'={q,, f}:

Rq:= RdU{{q1 F} —>{f} 105, T30 =10, T};
Qnew = W2 TH T3} Qg = Qg W 10y T},
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e-free FA to DFA: Example 2/3
forQ'={q,, f}:

Rq:= Rdu{{oll F} —>{f} 105, T30 =10, T};
Qrew = 12 T3 U131 Qu = Qy W 10y T31Fy =@ U {0, T}
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e-free FA to DFA: Example 2/3
forQ'={q,, f}:

Rq:= RdU{{ql F} —>{f} 105, T30 =10, T};
Qrew = 102 T3 U1} Q= Qy W 110y, T31Fy =0 V{0, T3}

for Q"' ={q,, f }:

o 8
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e-free FA to DFA: Example 2/3
forQ'={q,, f}:

Rq = RdU{{ql F} —>{f} 105, T30 =10, T};
Qnew 10 T3 113} Qe =Qy Uy, T}}Fy =G U0, T}}

for Q"' ={q,, f }:

o 8
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e-free FA to DFA: Example 2/3
forQ'={q,, f}:

Rq:= RdU{{ql F} —>{f} 105, T30 =10, T};
Qrew = 102 T3 U1} Q= Qy W 110y, T31Fy =0 V{0, T3}

for Q"' ={q,, f }:

Ry = Ry U {0, F32 >{f}, {0, T3¢ —{a,, 3K
Quew = {3} Qu = Qg U {0, £33,
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e-free FA to DFA: Example 2/3
forQ'={q,, f}:

Rq:= RdU{{ql F} —>{f} 105, T30 =10, T};
Qrew = 102 T3 U1} Q= Qy W 110y, T31Fy =0 V{0, T3}

for Q"' ={q,, f }:

Ry = Ry U {0, F32 >{f}, {0, T3¢ —{a,, 3K
Quew = {3} Qu= Qg U {0y T3}, Fy 1= Fy U {0, F 13
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e-free FA to DFA: Example 3/3

for Q' = {f}:
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for Q' = {f}:




27144

e-free FA to DFA: Example 3/3

for Q' = {f}:

8 =

o Y {3 >{1}}
B,Q;=Qq W{{ T}

Qne
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e-free FA to DFA: Example 3/3

for Q' = {f}:

8 =

o Y {3 >{1}}
B,Q;=Qq W{{ T}

Qne |:d = |:d - {{f }}
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e-free FA to DFA: Example 3/3
for Q' = {f}:
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Terminating States

Gist; State g is terminating if a string takes DFA

from g to a final state.
Definition: Let M =(Q, %, R, s, F) be a DFA. A state

q € Q isterminating if there exists w € X" such that

qw |- fwith f € F; otherwise, q is nonterminating.
Note: Each nonterminating state can be removed from DFA

Example: _ (@) ' b @
b a
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Terminating States
Gist; State g is terminating if a string takes DFA

from g to a final state.
Definition: Let M =(Q, %, R, s, F) be a DFA. A state

q € Q isterminating if there exists w € X" such that

qw |- fwith f € F; otherwise, q is nonterminating.
Note: Each nonterminating state can be removed from DFA

Example: _ (@) ' b @
b a

State s - terminating: w = ab : bl-qb|-f
State ¢, - terminating: w =D : b |-f
State f - terminating: w = ¢ : -0 f

State (], - nonterminating (thereisnow e ¥°
such thatg.w|-"qg,9 € F)
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Algorithm: Removal of nont. states

 Input: DFA: M= (Q, %, R, s, F)
» Output: DFA: M, = (Q,, Z, R, S, F)

 Method:

*Q,=F;1:=0;

* repeat
=1+ 1;
Qi=Qu{dga—>peRaekpeQy};

until Q; = Qjy;

.Q'[ = QI’

‘R, :={ga—>p:ga—>peR, pgeQ;,ac}
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Nonterminating States: Example

M=(Q, % R,s, F), where: Q={s, g, 05, f}, X ={a, b},
R={sa—q,,sb—>0q, q,a—>0, q,b >}, F={f}
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M=(Q, % R,s, F), where: Q={s, g, 05, f}, X ={a, b},
R={sa—q,,sb—>0q, q,a—>0, q,b >}, F={f}

Qo = {f}
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Nonterminating States: Example

M=(Q, % R,s, F), where: Q={s, g, 05, f}, X ={a, b},
R={sa—q,,sb—>0q,q,2a—>0,q;b—>f} F={f}

Qo = {f}

1)gd—>f,ge Q;d e X: qb—f
Q,={fru{q.}=4{f0q:}
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M=(Q, % R,s, F), where: Q={s, g, 05, f}, X ={a, b},
R={sa—q,,sb—>0q,q,2a—>0,q;b—>f} F={f}

0 =1}

1)gd—>f,ge Q;d e X: qb—f
Q,={fru{q.}=4{f0q:}

2)gd =1 :qe Q:d e X: b f
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qd > g,;,9€ Q;d e Z: sa& — 0,
qd > s; ge Q;d e Z: none
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Nonterminating States: Example

M=(Q, % R,s, F), where: Q={s, g, 05, f}, X ={a, b},
R={sa—q,,sb—>0q,q,2a—>0,q;b—>f} F={f}

Qo = {f}

1)gd—>f,ge Q;d e X: qb—f
Q,={fru{q.}=4{f0q:}

2)gd =1 :qe Q:d e X: b f
)gd%ql;geg;deﬁ (ch%l — 0

Q,={f, q;}vu{qy, s} =A{f, q; s}

3)qd>f;, qeQ;de: qb—f

qd > g,;,9€ Q;d e Z: sa& — 0,
qd > s; ge Q;d e Z: none
Q;=A{f,q;, sy {q;, s} ={f 0q;,s}=Q,=Q

R ={sa — q,, sb><0,, ;2 = 0, q;b — f}



30/44

Nonterminating States: Example

M=(Q, % R,s, F), where: Q={s, g, 05, f}, X ={a, b},
R={sa—q,,sb—>0q,q,2a—>0,q;b—>f} F={f}

Qo = {f}

1)gd—>f,ge Q;d e X: qb—f
Q,={fru{q.}=4{f0q:}

2)gd =1 :qe Q:d e X: b f
)gd%ql;geg;deﬁ gé — 0

Q,={f, q;}vu{qy, s} =A{f, q; s}

3)qd>f;, qeQ;de: qb—f

qd > g,;,9€ Q;d e Z: sa& — 0,
qd > s; ge Q;d e Z: none
Q;=A{f,q;, sy {q;, s} ={f 0q;,s}=Q,=Q

R, ={sa — q,, sb><0,, q,&><«,, q;b — f}
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Summary: States to Remove

1) Inaccessible state (q,):

P o

2) Nonterminating state (q,):
d

-G

>
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Complete DFA

Gist: Complete DFA cannot get stuck.

Definition: Let M = (Q, X, R, s, F) be a DFA.
M Is complete, If forany p € Q, a € X there
IS exactly one rule of the formpa — q € R

for some g € Q; otherwise, M Is incomplete

Conversion: Incomplete DFA
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Complete DFA

Gist: Complete DFA cannot get stuck.

Definition: Let M = (Q, X, R, s, F) be a DFA.
M Is complete, If forany p € Q, a € X there
IS exactly one rule of the formpa — q € R
for some g € Q; otherwise, M Is incomplete

Conversion: Incomplete DFA to Complete DFA
C
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Algorithm: DFA to Complete DFA

Gist: Add a “trap” state

* Input: Incomplete DFAM = (Q, 2, R, s, F)
 Output: Complete DFAM. = (Q., X, R, S, F)

 Method:

* Qc =QuU {qfalse};
‘R..=Ru{ga—> gy acgqeQ,

ga—>peR, peQ}.
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Well-Specified FA

Definition: Let M = (Q, %, R, s, F) be a complete
DFA. Then, M is well-specified FA (WSFA) If:
1) Q has no inaccessible state

2) Q has no more than one nonterminating state

Note: If well-specified FA has one nonterminating
state, then It Is g;.... from the previous algorithm.

Theorem: For every FA M, there Is an
equivalent WSFA M,..

Proof: Use the next algorithm.
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Algorithm: FA to WSFA

* Input: FA'M
» OQutput: WSFA M,

» Method:

 convert a FA M to an equivalent g-free FA M’

e convert a M’ to an equivalent DFA M, without
any Inaccessible state

e convert M, to an equivalent DFA M,
without any nonterminating state

* convert M, to an equivalent complete FA M,

° I\/IWS = I\/IC

Note: No more than one nonterminating state in M,,c—0¢ye




36/44

Distinguishable States
Gist: String w distinguishes states p and q if
WSFA reaches a final state from precisely
one of configurations pw and gw.

Definition: Let M = (Q, X, R, s, F) be a WSFA,
and letp, g € Q, p# g. States p and g are
distinguishable if there exists w € X" such that:
pw |- p'and gw |- @', where p', g' € Q and
((p'e Fandg' ¢ F)or(p' ¢ Fand q' € F));
otherwise, states p and g are indistinguishable
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Distinguishable States: Example

@0 -
9-e. 0 .
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Distinguishable States: Example

@0 -
9-e. 0 .

e s and g, are distinguishable, because for w = a:
sal-s,s ¢F
hd |-0z,9; € F
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Distinguishable States: Example

e s and g, are distinguishable, because for w = a:
sal-s,s ¢F
hd |-0z,9; € F

* (, and g, are indistinguishable, because for eachw € X

QW =" 0, 0 € F
0sW |- 03,05 € F
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Distinguishable States: Example

e s and g, are distinguishable, because for w = a:
sal-s,s ¢F
hd |-0z,9; € F

* (, and g, are indistinguishable, because for eachw € X

QW =" 0, 0 € F
0sW |- 03,05 € F

 Other pairs of states are trivially distinguishable for w = ¢.
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Minimum-State FA

Definition: Let M be a WSFA. Then, M Is
minimum-state FA if M contains only
distinguishable states.

Theorem: For every WSFA M, there is an
equivalent minimum-state FA M,

Proof: Use the next algorithm.
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Algorithm: WSFA to Min-State FA

 Input: WSFA M =(Q, X, R, s, F)
» Qutput: Minimum-State FAM_, = (Q, %, R, Sp, Fp)
» Method:
*Qun={{p:peF}{0:qe Q-F}}
* repeat
If there exist X € Q,,, d € X, X;, X, < X such that
X=X, UX,, X;n X, = and
{011 p; € Xy, pd > 0, € R} = Q, Q, € Q,
{0 P, € X Pd >0 eRFNQ=D
then divide X into X; and X, Iin Q,,

until no division is possible;
‘R.={Xa->Y:X,YeQ ,pa—>geR peX qeVY, aei}
s, =Xwithse X; F,:={X: X e Q,, X" F=UJ}
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Minimization: Example 1/4

S-S S

"
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Minimization: Example 1/4

@.@ Qm {{Sf}{ ,02+03,0,3}
eSO
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Minimization: Example 1/4

Qm {{Sf}{ 02+03:04 3}
w Flnal
\_/ States

1) X = {s,f}
d=a: ]§

— f
— S



40/44

Minimization: Example 1/4

Qm {{Sf}{ 02+03:04 3}
w Flnal
\_/ States

1) X={s,f}: From one set

d::]§



40/44

Minimization: Example 1/4

Qm {{Sf}{ 02+03:04 3}
w Flnal
\_/ States

1) X={s,f}: From one set



40/44

Minimization: Example 1/4

Qm {{Sf}{ 02+03:04 3}
w Flnal
\_/ States

1) X={s,f}: From one set




40/44

Minimization: Example 1/4

Qm {{Sf}{ 02+03:04 3}
w Flnal
\_/ States

1) X={s,f}: From one set




40/44

Minimization: Example 1/4

Qm {{Sf}{ 02+03:04 3}
w Flnal
\_/ States

1) X={s,f}: From one set
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Minimization: Example 1/4

me= {{s,f}, {gl,qz,qg,qi}}

H—I

‘ Final Other
States States

1) X={s,f}:  From one set From one set
=a. S f d=b: sbh—
f fb— 35:’?

1

R

2
3
4
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Minimization: Example 1/4
Q= 8 TH {0:,05,05,03}

H—I

‘ Final Other
States States

1) X={s,f}:  From one set From one set

=a: saf d=bh: sb—
f fbﬁgfv

2) X ={0,0,,05,0,}: ‘Elom one set
= d.,a — [C d=Db: g.b—|s _
] 13li=o=en
Jzad — [dg4 030 — 0
0,2 — |05 q,b — 0,
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Minimization: Example 1/4
Q= 8 TH {0:,05,05,03}

H—I

‘ Final Other
States States

1) X={s,f}:  From one set From one set

=a: saf d=bh: sb—
f fbﬁgfv

2) X={01,05,050.3" From one set
— da=fatr—d=b: ab=ls _
ha — | qlzkl)a—>f cQ=1{s1}
03 —> C4 C3 — |03
0,2 — |05 q,b =10

{0,0,ynQ, =C
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Minimization: Example 1/4
Q= 8 TH {0:,05,05,03}

H—I

‘ Final Other
States States

1) X={s,f}:  From one set From one set

=a: saf d=bh: sb—
f fbﬁgfv

2) X ={01,05,03,0,} ‘Elom one set
— g.a — [0 d=Db: g.b—o|s _
ha — | qlzkl)a—>f cQ=1{s1}
03 —> C4 C3 — |03
0,2 — |05 q,b =109,
Division: {0,,0,,05,0,} =

{0,0,ynQ, =C
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Minimization: Example 1/4
Q™ {{s i} {ql,qz,qg,%}}

Flnal Other
States States

1) X={s,f}:  From one set From one set

=a: saf d=bh: sb—
f fbﬁgfv

2) X ={01,05,03,04} ‘Elom one set
=a: g,a—>]0 d=Db: fg.b—|s
ha — | {qlzkt)a—> f1eQ=1s1
;2 = [d, ;b =
08 = U3 440 —10;
Division: {0;,05,03,0.} = {002} {003 n 0,
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Minimization: Example 1/4
Q™ {{s i} {ql,qz,qgm}}

Final Other
States States

1) X={s,f}:  From one set From one set

=a: saf d=bh: sb—
f fbﬁgfv

2) X ={0,05,03,04} ‘irlom one set
=a: g,a—>]0 d=Db: fg.b—|s
ha — | qlzkl)a—>f Qu=1{s1}
;2 = [d, ;b = [T,
0,2 — |05 q,b =10
Division: {01,,0],,0,0,} =
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Minimization: Example 2/4

Qn= {s,T}h {0:,0:} 02,0}
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Minimization: Example 2/4

Qn= {s,T}h {0:,0:} 02,0}

1) X = {s,f}:
d=a: sa—>f
fa—> s
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Minimization: Example 2/4

Qn= {s,T}h {0:,0:} 02,0}

1) X={s,f}:  From one set

d=2a- s f d=b: sbh—>
f fb -

2) X={0q,,0,}:
d=a;

%
%
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Minimization: Example 2/4

Qn= {s,T}h {0:,0:} 02,0}

1) X={s,f}:  From one set

d=2a- s f d=b: sbh—>
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d=a;
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Minimization: Example 2/4

Qn= {s,T}h {0:,0:} 02,0}

1) X={s,f}:  From one set

d=2a- s f d=b: sbh—>
f fb -

2) X={0q,,0,}:
d==a: — d = b: bh— S
—> b f
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Minimization: Example 2/4

Qm: {{S’f}’ {ql’qZ}’ { 1 }}
1) X={s,f}:  From one set

d=2a- s f d=b: sbh—>
fb -

,}: From one set From one set

Ko
. 0,2 [0, d=h: qlbaj—’
022 =192 0.0 —(1
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Minimization: Example 2/4
Qm: {{S’f}’ {ql’qZ}’ { 1 }}

1) X={s,f}:  From one set

d=a: s d=b: sbh—

f fbo —
2) X=9{0,,0,}: From one set From one set
d=a: 0,20, d=h: %b—)j_’
022 =192 0.0 —(1
3) X ={q,0.}:
d=a:
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Minimization: Example 2/4

Qm: {{S’f}’ {ql’qZ}’ { 1 }}
1) X={s,f}:  From one set
d=a: s d=b: sbh—

f fb —
2) X=9{0,,0,}: From one set From one set
d=a: 0,20, d=h: %b—)j_’
022 =192 0.0 —(1
3) X ={0.,0.}: From one set
d=a: — d=b: b
—> b—|0,

No next divisions I!!
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Minimization: Example 3/4

Qn = 1S, T} 105,053 19,0433

; :iEE'}I:Msf} >{sf} eR,
B OISR b > {00} eR,
> :ﬁ;}c>{ yo—>{0,0.} € R,
b3 F SR {0,03b>{sF  eR,
S0 SR {0032 > {00} e R,
b0 R P {0,030 > {0,0.} € R,
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Minimization: Example 4/4

s e {s,f} =) s, = {5}

=Y

M. =(Q,, 2, R, Sy Fr), where: £ ={a, b}, s, = {s,f}
Qn = {{s:f} {91,093 {903 Fry = {{s,T}}

Rm = {{s,7}2 = {s,1}, {s,1}b = {0.,0.} {0:,0.32 = {00}
{04,030 = {s,T} {05,032 = 495,03 {95,0.30 = {04,0,3}
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Minimization: Example 4/4

s e {s,f} =) s, = {5}

=Y

M. =(Q,, 2, R, Sy Fr), where: £ ={a, b}, s, = {s,f}
Qn = {{s:f} {91,093 {903 Fry = {{s,T}}

Rm = {{s,7}2 = {s,1}, {s,1}b = {0.,0.} {0:,0.32 = {00}
{04,030 = {s,7}, {05,032 > { }{ 0,30 = {04,0,3}

& Teuol s ¥ m
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Variants of FA: Summary

= =
(«b}
< o 5
O ol <|w
Elz|E|2] 2
T1%lal8|2|E
Number of rules of the form p — ¢,
wherep, g e Q O-nf O OJ O} O1]O
Number of rules of the form pa — q,
fOf any p c Q, a c Z O'n O'n O'l 1 1 1
Number of inaccessible states 0-n]0-n10-n10-n] O] O
Number of nonterminating states 0-n]10-Nn10-n|0-n|0-110-1
Number of this FAs for any regular
0 oo |w |]ow o] 1

language.




