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Turing Machines (TM)

Gist: The most powerful computational model.

Finite
State
Control

Tape: | Read-write head

ayla,| ... al ... |a,|A|A]A

Note: A = blank
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Turing Machines: Definition

Definition: A Turing machine (TM) Is a 6-tuple

M=(Q,2TI,R,s, F), where

* Q Is a finite set of states

2 IS an Input alphabet

e ["Isatape alphabet;Acl'; X cT

* R Is a finite set of rules of the form: pa — gbt,
wherep,ge Q,a,bel,te{S R, L}

* S € Q Is the start state

* F < Qs aset of final states

Mathematical note:
» Mathematically, RisarelationfromQ xI'to Q x I'x {S, R, L}

» Instead of (pa, gbt), we write pa — bt
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Interpretation of Rules

* pa = bS: If the current state and tape symbol are p and a,

respectively, then replace a with b, change p to g, and keep the
head Stationary.

‘@‘I IaI I#‘@‘IZXZIBIZVZI

°pa—> qu. If the current state and tape symbol are p and a,
respectively, then replace a with b, shift the head a square Right,
and change p to q.

‘@‘I IaI I#‘@‘Iixilbl‘ivil

°pa —> qu. If the current state and tape symbol are p and a,

respectively, then replace a with b, shift the head a square Left,
and change p to q

‘@‘I IaI |#‘@‘|:X:‘|b|:v:|
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Graphical Representation

@) represents g € Q
—>@ represents the Initial state s € Q

represents a final state f € F

@)-22> (@) denotes pa— gbS e R
@)-2LR (@) denotes pa— gbR e R

@-22-L (@) denotes pa— gbL € R
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

*Q={s,p q T} @ @

© O
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

ek OO

© O
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

e Al h OO

«["={a, b, A};

© O
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Turing Machine: Example 1/2

M=(Q,%T,R,s, F)
where: WA S
.Q:{S’ O’q!f}; L
S = a0} O O
«["={a, b, A};

* R = {sA — fAS,

© O
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

e Q={s,pq,f} AIA, S
-2 ={a, b}; @

«["={a, b, A};
® @

* R = {sA — fAS, ala, R
sa — paR,
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Turing Machine: Example 1/2

M=(Q,Z,I,R,s, F)

where:
e Q={s,pq,f} AIA, S
-2 ={a, b}; @
«["={a, b, A};
* R = {sA — fAS, ala, R b/b, R
sa — paR,

sb — pbR,
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)

where:

¢ Q — {S’ O’ q’ f}1

+ 2 ={a, b};

«["={a, b, A};

* R = {sA — fAS,
sa — paR,
sb — pbR,
pa — paR,

AJA, S@

ala, R b/b, R

‘B @
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:
e Q={s,pq,f} AIA, S
« > ={a, b}, @
«["={a, b, A};
* R = {sA — fAS, ala, R b/b, R
sa — paR,
sb — pbR,
BS : 333 ala, /b, R @
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

° Q — {S’ O’ q’ f}1

+ 2 ={a, b};

«["={a, b, A};

* R = {sA — fAS,

sa — paR,
sb — pbR,
Da — paR,
b — pbR,
DA — AL,

AJA, S@

ala, R b/b, R

a/a,/b, R
SO,
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

sa — paR,
sb — pbR

gg : 333 ala, B b/b, R
DA — gAL, ‘0’ A/A, L

ga — fAS,

e Q={s,pq,f} AIA, S
« > ={a, b},

«["={a, b, A};

* R = {sA — fAS, ala, R b/b, R

alA, S
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Turing Machine: Example 1/2

M=(Q,2,T,R,s, F)
where:

e Q={s,pq,f} AIA, S
« > ={a, b},

«["={a, b, A};

* R = {sA — fAS, ala, R b/b, R

sa — paR, b/IA, S|  [a/A, S
sb — pbR,

na — pak, ala. B b/b, R

b — pbR, ‘0’
OA — gAL, A/A, L

ga — fAS,
gb — fAS}
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Turing Machine: Example 1/2

M=(Q,Z,I,R,s, F)

sa — paR, b/A, S
sb — pbR,

gg : g&blz ala, B b/b, R
DA — gAL, ‘Q’ A/A, L
ga — fAS,

gb — fASY

where:

«Q={s,p,0q,f} \ AIA, S
« > ={a, b},

«["={a, b, A};

* R = {sA — fAS, ala, R b/b, R

alA, S
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Turing Machine: Example 1/2

M=(Q,Z,I,R,s, F)

where: \ A
.Q:{S’ O’q!f}; L

« 2 ={a, b}; —’@’
«["={a, b, A};

* R = {sA — fAS, ala, R b/b, R

sa — paR, b/IA, S|  [a/A, S
sb — pbR,

gg : g&blz ala, B b/b, R
DA — gAL, ‘G’ A/A, L

ga — fAS,
gb — fAS}

‘F={f}
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Turing Machine: Example 2/2

Note: M deletes a symbol
TM M: before the first occurrence of A:

AlIA, S I Hlustration:
(O] Pomr.
ala, R b/b, R

b/IA, S| Ja/A, S

ala, B /b, R
(&L

A/A, L
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Turing Machine: Example 2/2

Note: M deletes a symbol
TM M: before the first occurrence of A:

AlIA, S I Hlustration:
(O] fom.
ala, R b/b, R =S

b/A, S a/A,S‘ @ lalblAlA]...

ala, B /b, R

A/A, L
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Turing Machine: Example 2/2

Note: M deletes a symbol
TM M: before the first occurrence of A:

AlIA, S I Hlustration:
(O] fom.
ala, R b/b, R =S

bIA, S| fa/A, s‘ 9 | lalblAlA]...

ala, B /b, R ‘ @ ‘ |a|b|X|A|...

A/A, L
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Turing Machine: Example 2/2

Note: M deletes a symbol
TM M: before the first occurrence of A:

AlIA, S I Hlustration:
(O] fom.
ala, R b/b, R =S

bIA, S| fa/A, s‘ 9 | lalblAlA]...

a/a,b, R ‘ @ ‘ IaIbIXIAI...
JS$
J& O T

A/A, L
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Turing Machine: Example 2/2

Note: M deletes a symbol
TM M: before the first occurrence of A:

AlIA, S I Hlustration:
(O] fom.
ala, R b/b, R =S

b/A, S a/A,S‘ 9‘ lalblAlA]...
a/a,b, R ‘ 9 ‘ IaIbIXIAI
‘ 9 ‘ [albIAJAS ...

A/A, L
‘ ®‘ [2lAJAJAS ...
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TM Configuration

Gist: Instantaneous description of TM

What does a configuration describes?
1) Current state 2) Tape Contents 3) Position of the head

(@] [@]

@lazl Toe. LT ATAL-| [Elal el ALA ALl

y X y
Configuration xpy

Definition: LetM=(Q, 2, T',R,s,F) bea TM.
A configuration of M Is a string y = xpy, where
xXel ,peQ,yel (I'-{A}) U{A}.
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Stationary Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a stationary move from y to y’
according to , writtenas y |- %’ [ ] or,
simply, y [~ " if

y = Xpay, y’=Xgbyand :pa— gbS e R

lllustration:

@i L%, ;I Y, |
8

lal v, |

-

[ . x, |

Confiaaration



9/45

Stationary Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a stationary move from y to y’
according to , writtenas y |- %’ [ ] or,
simply, y [~ " if

y = Xpay, y’=Xgbyand :pa— gbS e R

lllustration:
Rule: pa — bS

@i L%, ;I Y, |
8

lal v, |

-

[ . x, |

Confiaaration
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Stationary Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a stationary move from y to y’
according to , writtenas y |- %’ [ ] or,
simply, ¢ |- ¢’ 1f

y = Xpay, y’=Xgbyand :pa— gbS e R
Illustration:

Rule: pa — bS

@l #D a

Conf|gurat|on New Conflguratlon
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Right Move

Definition: Let y, x’ be two configurations of M.
Then, M makes a right move from y to y’
according to , writtenas y |— x’ [ ] or, simply, y
l—r ¢’ 1y = xpay, :pa—>gbR e R and

(1) x’=xbqy, y#¢€ or

(2) x’=XbgA,y =¢

@i L%, ;I Y, |
5

Lx, 1(p)lal v, |

) - -

Configuration
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Right Move

Definition: Let y, x’ be two configurations of M.
Then, M makes a right move from y to y’
according to , writtenas y |— x’ [ ] or, simply, y
l—r ¢’ 1y = xpay, :pa—>gbR e R and

(1) x’=xbqy, y#¢€ or

(2) x’=XbgA,y =¢

‘ @\ jRule: pa — gbR
[ . x, lal ,v, |

Lx, 1(p)lal v, |

Configuration

) -
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Right Move

Definition: Let y, x’ be two configurations of M.
Then, M makes a right move from y to y’
according to , writtenas y |— x’ [ ] or, simply, y
l—r ¢’ 1y = xpay, :pa—>gbR e R and

(1) x’=xbqy, y#¢€ or

(2) x’=XbgA,y =¢

jRule: pa — gbR 1
@i I :x:$l Vo # @ e I%:v: |
| |

L.x. 1(p)lal v, L.x, 1b] Y, |

Configuration New Configuration
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Right Move

Definition: Let y, x’ be two configurations of M.
Then, M makes a right move from y to y’
according to , writtenas y |— x’ [ ] or, simply, y
l—r ¢’ 1y = xpay, :pa—>gbR e R and

(1) x’=xbqy, y#¢€ or

(2) x’=XbgA,y =¢

jRule: pa — gbR 1
@i I :x:5l Vo # @ e I%:v: |
| |

L.x. 1(p)lal v, L.x, 1b] Y, |

or = Configuration New Configuration

@il |X,XII 5;IEI|A AL ...

\Confiﬁru ration
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Right Move

Definition: Let y, x’ be two configurations of I\/I.
Then, M makes a right move from y to y’
accordlng to wrltten asy |-=x’ [ ]or, simply, y
|—r ¢ 1f y = xpay :pa—> gbR € R and

(1) ¢’ —xbcy y#¢& Or

(2) v’ = xboA, y:8

‘ @\ ;Rule pa—>qu 1
L. _1bY v, I
L.y, |

| 'x IaI |b|
or = Conflguratlon T New Conflguratlorr
@i — }Rule: pa — gbR
X, NajAJAl ...
J X | EJ

Configuration
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Right Move

Definition: Let y, x’ be two configurations of I\/I.
Then, M makes a right move from y to y’
accordlng to wrltten asy |-=x’ [ ]or, simply, y
|—r ¢ 1f y = xpay :pa—> gbR € R and

(1) ¢’ —xbcy y#¢& Or

(2) v’ = xboA, y:8

‘ @\ ;Rule pa—>qu 1
L. _1bY v, I
L.y, |

| 'x IaI IbI
or Conflguratlon “New Conflguratlon

}JRule: pa — gbR
@i X, MalAlAl ... @ X, IbAA
[ x: 10o)[a] [ I6l(o)[A]

4 > 4

Configuration New Configuration

-
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eft Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a left move from y to y’according
to ,writtenasy |- [ ]or, simply, x |- x if
(1) x = xcpay, y’=xqchy,y#eorb#A, :pa—gbL € Ror
2) x = xcpa, x> =Xgc, :pa—>gAL € R

@il X, e ;I Al
X, Iclélal N |

Configuration
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eft Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a left move from y to y’according
to ,writtenasy |- [ ]or, simply, x |- x if
(1) x = xcpay, y’=xqchy,y#eorb#A, :pa—gbL € Ror
2) x = xcpa, x> =Xgc, :pa—>gAL € R

‘ @\ JRule: pa — gbL
[ . x, Iclal v, |
Lix: Icl(p)lal ZVZJI

Configuration
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eft Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a left move from y to y’according
to ,writtenasy |- [ ]or, simply, x |- x if
(1) x = xcpay, y’=xqchy,y#eorb#A, :pa—gbL € Ror
2) x = xcpa, x> =Xgc, :pa—>gAL € R

@il e I%zlll?ule paA#bLEh $Ibl I
I

Lix: lcl(o)lal ,v. | (clb] ,v, |

-4 S,

Configuration New Conflguratlon

—
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eft Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a left move from y to y’according
to ,writtenasy |- [ ]or, simply, x |- x if
(1) x = xcpay, y’=xqchy,y#eorb#A, :pa—gbL € Ror
2) x = xcpa, x> =Xgc, :pa—>gAL € R

@il e I%zlll?ule paA#bLEh $Ibl I
I

Lix: lcl(o)lal ,v. | (clb] ,v, |

-4 S,

or Configuration New Configuration

@il X, c ;AA
X, Iclfé;@

Con?irguration

—
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eft Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a left move from y to y’according
to ,writtenasy |- [ ]or, simply, x |- x if
(1) x = xcpay, y’=xqchy,y#eorb#A, :pa—gbL € Ror
2) v = XCpa, y’ = Xqc, : pa—>qAL e R

;Rule pa — bL

|c CIbI |
Lx IcI IaI IchI |

or Conﬂguratlon New Conflguratlon
‘ @\ }JRule: pa — gAL
L x, IclalAlAl...
[x: Tl

\ - > 4

Con?irguration
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eft Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a left move from y to y’according
to ,writtenasy |- [ ]or, simply, x |- x if
(1) x = xcpay, y’=xqchy,y#eorb#A, :pa—gbL € Ror
2) v = XCpa, y’ = Xqc, : pa—>qAL e R

;Rule pa — bL

|c CIbI |
Lx IcI IaI IchI

or Conﬂguratlon New Conflguratlon

‘@\ }JRule: pa — gAL @ 1
[ . x, |clalAlAl... X, IclAIAIAL ...

[ x: Tcl(p)lal L.x, |

\ - > 4

\ - > 4

Con?irguration New Calrwfiguration
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Move

Definition: Let y, v’ be two configurations of M.
Then, M makes a move from y to ¢’ according to
arule ,writtenasy |-y’ [ ]or, simply, x |-y’ if
v |~ %’ [ ] forsome X € {S, R, L}.
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Sequence of Moves 1/2
Gist: Several consecutive computational steps

Definition: Let y be a configuration. M makes
zero moves from y to y; in symbols,

% |=°x [e] or, simply, y |-° %
Definition: Let y,, %1, ---» X, D€ @ Sequence of
configurations,n> 1, and y;; |-x;[r:], r; € R,
forall1=1, ..., n;that s,

%o I=xa [rad =22 [ra] - =2 [
Then, M makes n moves from y, to y,,
YXo =" %n [Fy-- Fal OF, SIMply, %o =" %,
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Sequence of Moves 2/2

1T %o |-" %, [p] fOr some n > 1, then
Yo =" xnlplor, simply, o |- %,

If %o |-" %, [p] fOr some n > 0, then
Xo |= %xn[p]or, simply, %o |-

Example: Consider
apbc |- agac [1: pb — gaS], and
aqgac |- acrc [2: ga — rcRY].
Then, apbc |-2 acrc [1 2],
apbc |- acrc [1 2],
apbc |-" acrc [1 2]

0
0
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TM as a Language Acceptor

Gist: M accepts w by a sequence of moves
from s to a final state.

Definition: LetM =(Q, X, I', R, s, F) be a TM.

The language accepted by M, L(M), Is defined as:

LIM)={w:w e X", sw |- xfy;x,y e I'", f e F} U
{e:sA |- xfy;x,y eI, f e F}

lllustration:
e FOr w#eg:

‘ S, I?:W: IMAL#‘ ® ‘I X, I‘Zv: JAIAL..

e FOrw=cg¢:

| © - #‘ ® ‘I T [A[AT..
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TM as an Acceptor: Example

sabba |- Ag,abb |- Aag,bb |- Aabg,b |- Aabbqg,A |- Aabg,b
— Aaqg,b [~ Agsab |- g;Aab |- Asab |- AAq,b |- AAg,b
— AADQ,A |- AAQ,D |- AQ,A |- SA |- A

Summary: abba e L(M)
Note: L(M) ={a"b": n > 0}
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TM as a Computational Model

Definition: LetM = (Q, %, T, R, s, F) be a TM;
n-place function ¢ is computed by M provided that
SAX,AX,...AX, |- TA with f € F if and only if

O(Xy, Xpyunry X)) =

lllustration:

O e e e

.

L O I [00 Xor s X) =
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TM as a Computational Model: Example
™ M:

.A/A, R'A/l, R'A/A, L. 1/A, L'A/A, S.

1/1, R 1/1, R 1/1, L

SA11A11 |- Ag,11 A1l |- Alq,1A11 |-Al1q,All |- A111qg,11
~Al11119,1 |- A111110,A |- A11110.1 |- A111q,1
— Al1q,11 |- Alg,111 |- Ag,1111 |- q,A1111

~ fA1111

Summary: ¢(11, 11) = 1111

Note: ¢(Xy, X,) = X; + X, where
* X, = 12 represents a natural number a
* X, = 1P represents a natural number b
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Deterministic Turing Machine (DTM)

Gist: Deterministic TM makes no more than
one move from any configuration.

Definition: LetM=(Q, X, I', R, s, F) be a TM.
M 1s a deterministic TM If for each rule pa —»
gbt € R 1t holds that R — {pa — gbt} contains
no rule with the left-hand side equal to pa.

Theorem: For every TM M, there Is an equivalent
DTM M,

Proof: See page 634 in [Meduna: Automata and Languages’
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k-Tape Turing Machine

Gist: Turing machine with k tapes

Illustration: —— 3
L X, lad v, |... Tapel
v
@ L X, lad v, [... Tape?2
. . .‘.. . . [ 2N BN )
L x. lad . |... Tapek

Theorem: For every k-tape TM M, there is an
equivalent TM M.

Proof: See page 662 in [Meduna: Automata and Languages]
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k-Head Turing Machine

Gist: Turing machine with k heads

lHlustration:

O)=

A 4

lHeadl Head 2 Head k
Xo Jad X 3] X., ... ... lad X, |...

Theorem: For every k-head TM M, , there is
an equivalent TM M.

Proof: See page 667 in [Meduna: Automata and Languages]
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TM with Two-way Infinite Tapes

Gist: Turing machine with tape infinite both
to the right and to the left

lHlustration:

el X fagd vy, ..

Theorem: For every TM with two-way Infinite
tapes M,, there Is an equivalent TM M.

Proof: See page 673 in [Meduna: Automata and Languages]
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Description of a Turing Machine

Gist: Turing machine representation using
a string over {0, 1}

* Assume that TM M has the form M = (Q, X, T', R, q,, {d,}),

where Q ={d,, 9, ..., 0 b I = {2y, @4, ..., @} SO that a,= A

* Let 6 is the mapping from (QuU T U {S, L, R}Y) to {0, 1}

defined as: 8(S) = 01, 8(L) = 001, §(R) =
0(Q;) = foralli=0... m,
o(a;) = foralli=0...n

» For every r: pa — gbt € R we define

| 8()=8(p)8()8(q)3(h)3() . |
eletR={r,r,...,r.} Then

| 8(M) = 1118(")8(r )...8(1,)  is the description of TM M |
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Description of TM: Example
M=(Q, % TI,R,dy {q.}), where

Q=1{0n 0} 2 ={ay, a}; I' ={A, a;, ay};
R={1: 0¢8> Go@yR, 2 o3, = GodyR, 31 oA — g,AS}

Task: Decription of M, d3(M).

0(S) = 01, o(L) =001, 8(R) =

0(0y) = 01,9(qy) = :

0(A) =01, 9(ay) = , 0(a,) =
o(M) 0(1)a(2)a(>)

6(00)0(2,)d(0)d(a,)6(R)
6(00)d(a,)d(qp)o(a,)o(R)
6(00)8(A)3(01)8(A)5(S)
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Universal Turing Machine
Gist: Universal TM can simulate every DTM
Illustration:

Universal
™ U l

‘ Description of M, 8(M) ‘ Input string w ‘ A ‘

Note: Universal TM U reads the description of TM M,
and the input string w, and then simulates the moves
that M makes with w.
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Unrestricted Grammar: Definition

Gist: Generalization of CFG

Definition: An unrestricted grammar (URG) Is a

quadruple G= (N, T, P, S), where

N Is an alphabet of nonterminals

T Is an alphabet of terminals, NN T =&

P Is a finite set of rules of the form x — v,
wherex e (NUT) N(NUT),ye (NUT)

* S € N Is the start nonterminal

Mathematical Note on Rules:
o Strictly mathematically, P is a finite relation from

(NUTYN(NUT) ' to(NUT)"
* Instead of (X,y) € P,wewritex >y e P
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Derivation Step

Gist: A change of a string by a rule.

Definition: Let G= (N, T, P, S) be a URG. Let
u,ve (NuT) and :x—vy e P. Then, uxv
directly derives uyv according to In G, written
as uxv = uyv [ ] or, simply, uxv = uyv.

HTHE S
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Derivation Step

Gist: A change of a string by a rule.

Definition: Let G= (N, T, P, S) be a URG. Let
u,ve (NuT) and :x—vy e P. Then, uxv
directly derives uyv according to In G, written
as uxv = uyv [ ] or, simply, uxv = uyv.

I I I I I I
THE N
Rule: X =V
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Derivation Step

Gist: A change of a string by a rule.

Definition: Let G= (N, T, P, S) be a URG. Let
u,ve (NuT) and :x—vy e P. Then, uxv
directly derives uyv according to In G, written
as Uxv = uyv | ] or, simply Uxv = uyv

R“'e“y// //&\\ \\

| Iyl |
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Derivation Step

Gist: A change of a string by a rule.

Definition: Let G= (N, T, P, S) be a URG. Let
u,ve (NuT) and :x—vy e P. Then, uxv
directly derives uyv according to In G, written
as uxv = uyv [ ] or, simply, uxv = uyv.

Note: =", =* =* and L(G) are defined by analogy with
the corresponding definitions in terms of CFGs.
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Unrestricted Grammar: Example

G=(N,T,P,S),where N={S, A, B}, T={a}

P={1.S— ASB, S — 4,
- Aa — aaA, :AB — ¢ }
S=a [/]

S=>ASB[l] = AaB [?] = aaAB[3] = aa[4]

S=>ASB[!]=>AASBB[!] = AAaBB [’] =
AaaABB [3] = aaAaABB [3] =
aaaaAABB [3] = aaaaAB [4] = aaaa [4]

Note: L(G) = {a%": n > 0}
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Recursively Enumerable Languages

Definition: Let L be a language. L is a

resurcively enumerable language If there

exists a Turing machine M that L = L(M).

‘Theorem: For every URG G, thereisa TM M
such that L(G) = L(M).

Proof: See page 714 in [Meduna: Automata and Languages]

Theorem: For every TM M, there is a URG G
such that L(M) = L(G).

Proof: See page 715 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for recursively
enumerable languages are

1) Unrestricted grammars 2) Turing Machines




30/45

Context-Sensitive Grammar
Gist: Restriction of URG
Definition: Let G=(N, T, P, S) be an
unrestricted grammar. G Is a context-sensitive (or
length-increasing) grammar (CSG) if every rule
X =y € P satisfies |x| < |yl.

Note: =, =", =%, =* and L(G) are defined by analogy
with the definitions of the corresponding notions on URGs.
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Linear Bounded Automaton

Gist: A Turing machine with a Tape Bounded
by the Length of the Input String.

Finite

State

Control
Tape: | Read-write head
ayla,| ... al ... |a,|A

M
IMOVES
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Linear Bounded Automaton: Definition

Gist: With w on its tape, M’s tape Is
restricted to |w| squares.

Definition: A linear bounded automaton (LBA)
IS a TM that cannot extend its tape by any rule.

Accepted language: Illustration

(Ot = (O

%I‘he same length. {
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Context-sensitive Languages

Definition: Let L be a language. L is a
context-sensitive If there exists a
context-sensitive grammar G that L = L(G).

‘Theorem: For every CSG G, there isan LBA M
such that L(G) = L(M).

Proof: See page 732 in [Meduna: Automata and Languages’

Theorem: For every LBA M, there is a CSG G
such that L(M) = L(G).

Proof: See page 734 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for

context-sensitive languages are
1) Context-sensitive grammars

2) Linear bounded automata
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Right-Linear Grammar: Definition

Gist: A CFG in which every rule has a string
of terminals followed by no more that
one nonterminal on the right-hand side.

Definition: Let G=(N, T, P,S)bea CFG. G is a

right-linear grammar (RLG) if every rule A — X

e P satisfiesx e T UT'N.

Example:
G=(N,T,P,S),where N={S, A}, T={a, b}

P={l:S—>aS,2:S—>aA, 3:A—>DbA 4Z:A—>Db}
«S=>aA[Z] = ab [4]

e S=aS[l]=aaA[?] = aab [4]

* S=>aAl’] = abA[3] > abb [4]

Note: L(G) = {a™": m, n > 1}
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Grammars for Regular Languages

‘Theorem: For every RLG G, there is an FA M
such that L(G) = L(M).

Proof: See page 575 in [Meduna: Automata and Languages

‘Theorem: For every FA M, there is an RLG G
such that L(M) = L(G).

Proof: See page 583 in [Meduna: Automata and Languages]

Conclusion: Grammars for regular languages are
Right-linear grammar




Generalization
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Grammars: Summary

Languages

Grammar

Formof rulesx -y

Recursively
enumerable

Unrestricted

Xe(NUT))N(NuUT)
ye (NUT)

Context-
sensitive

Context-
sensitive

Xe(NUT)N(NuUT)”
ye (NUT), [X| <y

Context-free

Context-free

X € N
ye(NUT)

Reqgular

Right-Linear

X e N
ye TUTN

UOI39111S9Y
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Automata: Summary

Generalization

anguages| Accepting Device

Recursively Turing

enumerable machine
Context- Linear bounded
sensitive automaton

Contextf Pushdown
ontext-rree automaton

Finite

Reqgular

automaton

Uo19141S9Y
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Chomsky Hierarchy

the family of regular

languages = Type 3

the family of
recursive enumerable
languages = Type 0

the family of context-
free languages =
Type 2

the family of context-
sensitive languages =
Type 1

Type3c Type2c Typelc TypeO
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Language Lqeieaccentance 1/2

Gist: Lgeeacceptance 1S the language over {0, 1}, which
contain a string 6(M), iIf and only DTM M accepts 6(M).

Definition:
L = {8(M): M is a DTM, §(M) e L(M)}

llustration: ‘ M M ‘

SelfAcceptance
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Language Lqeieaccentance 1/2

Gist: Lgeeacceptance 1S the language over {0, 1}, which
contain a string 6(M), iIf and only DTM M accepts 6(M).

Definition: |
LSeIfAcceptance: {S(M): Misa DTM’ 6(M) < I—(M)}

llustration: [ v v | ) %?Is\c/:lr)ipltion of M:
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Language Lqeieaccentance 1/2

Gist: Lgeeacceptance 1S the language over {0, 1}, which
contain a string 6(M), iIf and only DTM M accepts 6(M).

Definition: |
LSeIfAcceptance: {S(M): Misa DTM’ 6(M) < I—(M)}

llustration: [ v v | ) %?Is\c/:lr)ipltion of M:
‘

™M | Pror. oA
3(M)
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Language Lqeieaccentance 1/2

Gist: Lgeeacceptance 1S the language over {0, 1}, which
contain a string 6(M), iIf and only DTM M accepts 6(M).

Definition: |
LSeIfAcceptance: {S(M): Misa DTM’ 6(M) < I—(M)}

llustration: [ v v | ) %?Is\c/:lr)ipltion of M:
‘

™M | Pror. oA
3(M)

* Does TM M accept 6(M) = ?
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Language Lqeieaccentance 1/2

Gist: Lgeeacceptance 1S the language over {0, 1}, which
contain a string 6(M), iIf and only DTM M accepts 6(M).

Definition: |
LSeIfAcceptance: {S(M): Misa DTM’ 6(M) < I—(M)}

llustration: [ v v | ) %?Is\c/:lr)ipltion of M:

e
‘TMM LLfifol... ... [ LJAL..
» Does TM M accept (M) = > o(M)

4/|Y_EST

6(M) € I—SeIfAcceptance 8(M) & I—SeIfAcceptanc:e
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Language Lseisaccentance 2/2

Theorem: Lggsacceptance IS 2CCEPt By some TM.

Proof (idea):

* \We constructa DTM V, which:

1) Replace an input string w = (M) with 6(M)d(M)
2) Simulate an activity of a universal TM U

* Then, L(V) = Lsgiacceptance: tUs theorem holds.

Illustration:

Mo | [T, - .
i 5
| [ R i O A T

(M) w = §(M)
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Language Lyonsertaccentance 13

Gist: LNonSeIfAcceptance - LSeIfAcceptance

Definition:
LNonSeIfAcceptance = {O’ 1} - LSeIfAcceptance

| TM M |
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Language Lyonsertaccentance 13

Gist: LNonSeIfAcceptance - LSeIfAcceptance

Definition:
LNonSeIfAcceptance = {O’ 1} - LSeIfAcceptance
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Language Lyonsertaccentance 13

Gist: LNonSeIfAcceptance - LSeIfAcceptance

Definition:
LNonSeIfAcceptance = {O’ 1} - LSeIfAcceptance

LLLLdol... ... [LJAL..
5(M)
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Language Lyonsertaccentance 13
Gist: L =L

Definition:
LNonSeIfAcceptance = {O’ 1} - LSeIfAcceptance

NonSelfAcceptance SelfAcceptance

| T™M M

Lfifol... ... [ LJAL..
» Does TM M accept (M) = > o(M)
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Language Lyonsertaccentance 13

Gist: LNonSeIfAcceptance =L
Definition:
LNonSeIfAcceptance = {O’ 1} - LSeIfAcceptance

SelfAcceptance

‘ ™M M ‘ Description of M:
o(M) =
—_—T

[T™ M 8 O Y
5(M)

* Does TM M accept 8(I\/I) = ?
NO

6(M) & LNonSeIfAcceptance E LNonSeIfAcceptance
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Language Lyonseitaccentance 2/3

Theorem: LNonSeIfAcceptance IS accept by no ™.

Proof (by contradiction):
* Assume that Lysnseiracceptance 1S @ccepted by a TM.
Consider this infinite table:

M. m; = 6(M,) SelfAcceptance(M;)
»| M, [111001001001101 Yes
=( M, [11101010111100101 No
— | M; |1110010001010001001001 | Yes
<V . .
Note:

» SelfAcceptance(M. ) = Yes 1f m; e L(M)
NoO |f mi & L(M|)
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Language Lyonsertaccentance 3/

» Notice: I—NonSeIfAcceptance ={mj:m;e LMy, 1= "1, ..}
*LetL(M,) = I—NonSeIfAcceptance
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Language Lyonseitacceptance 3/3
» Notice: I—NonSeIfAcceptance ={mj:m;e LMy, 1= "1, ..}
*LetL(M,) = I—NonSeIfAcceptance

« SelfAcceptance(M,) = No implies

m, ¢ L(M,) implies

my € I—NonSeIfAcceptance
m, € L(M,)

Implies
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Language LN.QD.S.EJIAQQE.DI&D.CE 3/3
» Notice: I—NonSeIfAcceptance ={mj:m;e LMy, 1= "1, ..}
*LetL(M,) = I—NonSeIfAcceptance

« SelfAcceptance(M,) = No implies

m, ¢ L(M,) implies
my € I—NonSeIfAcceptance
m, € L(My)
contradiction

Implies
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Language Lyonsereacceptance 3/3
* Notice: I—NonSeIfAcceptance = {mi .My & L(Mi)’ | = 19
*LetL(M,) = I—NonSeIfAcceptance
« SelfAcceptance(M,) = No implies
m, ¢ L(M,) implies
my € I—NonSeIfAcceptance imp“es
m, € L(M,)
contradiction
» SelfAcceptance(M,) = Yes implies
m, € L(M,) implies

mk & I—NonSeIfAcceptance Imp|IES
my & L(M,)
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Language LN.Q.D.S.EJIAQQE.DI&D.CE 3/3
* Notice: I—NonSeIfAcceptance = {mi .My & L(Mi)’ | = 19
*LetL(M,) = I—NonSeIfAcceptance
« SelfAcceptance(M,) = No implies
m, ¢ L(M,) implies o
my € I—NonSeIfAcceptance Imp|IES
m, € L(M,)
contradiction
» SelfAcceptance(M,) = Yes implies
m, € L(M,) implies o
mk & I—NonSeIfAcceptance Imp|IES
m, & L(M,)
contradiction
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Language Lyonsertaccentance 3/

» Notice: I—NonSeIfAcceptance = {mi M & L(Mi)’ | = I, ...

*LetL(M,) = I—NonSeIfAcceptance

« SelfAcceptance(M,) = No implies
m, ¢ L(M,) implies o
my € I—NonSeIfAcceptance Imp|IES
m, € L(M,)
contradiction

» SelfAcceptance(M,) = Yes implies
m, € L(M,) implies o
mk & I—NonSeIfAcceptance Imp|IES
m, & L(M,)
contradiction

* I—NonSeIfAcc:eptance IS accepted by no TM Mk
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Recursive Language

Gist: Recursive Language accepts TM that always halt

Definition: Let L be a language. If L = L(M),
where M I1s DTM that always halts, then L IS
a recursive language.

Theorem: The family of recursive languages Is
closed under complement.

Proof: See page 693 in [Meduna: Automata and Languages’

Theorem: The family of recursively enumerable
languages is not closed under complement.

Proof: See the L

SelfAcceptance
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Other Hierarchy of Languages

The family of The family of rec.
recursive languages enumerable All

(accepted by TMs - languages - Lang.

that always halt) (accepted by TMs)

L

L

SelfAcceptance NonSelfAcceptance




