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Scattered Context Grammar

Scattered context grammar (SC grammar)
G=(V, T, P S), where

V is a finite alphabet

is a set of terminals, T C V

is the start symbol, S € V — T

is a finite set of productions of the form

T wn -

(Ala"'vAn) - (Xla"'vxn)a

where Ay,...,Ap €V —T,x1,...,x, € V*

Propagating scattered context grammar (PSC grammar)

m each (Ay,...,Ay) — (x1,...,x,) satisfies x1,...,x, € VT
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Derivation Step

Derivation step
For (A1,...,A,) — (x1,-..,Xn) € P and

u=uiAzr ... upAnlns1
V = U1X1...UpXpUp41

we write u = v [(A1,...,An) — (X1,...,xn)]
Leftmost derivation step

m each A; ¢ alph(y;) forall 1 <i<n

m alph(w) denotes the set of all symbols occuring in w
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Generated Language

Generated language
L(G)={xeT":S5="x}

Language generated in a leftmost way

m in addition, each step in every successful derivation is leftmost

Generative power

m Z(SC) = Z(RE)
m Z(CF) c Z(PSC) C £(CS)
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PSC Grammar—Example

Example
SC grammar G; = ({A, B, C,S,a,b,c},{a, b,c}, P1,S) with
Pr ={(S) — (ABC),

(A, B,C) — (aA, bB, cC),
(A, B, C) — (e,e,8)}

S = ABC = aAbBcC = aaAbbBccC = aabbcc

L(G1) ={a"b"c" : n>0}

Example

PSC grammar G, = ({A, B, C,S,a,b,c},{a, b, c}, P2, S) with
P, ={(S) — (¢),(S) — (ABC),

(A,B,C) — (aA, bB, cC),
(A,B,C) — (a,b,c)}
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Production Labels |

m for every grammar G there is a set of production labels
m we denote them /ab(G)
m each p € lab(G) uniquely identifies one production

m we write p: (A1,...,A,) — (x1,...,Xn)
Example

G = ({5’ A? B7 C? a’ b? C}’ {a7 b? C}7 P7 5)

with
lab(G) = {1,2,3}
P={1:(S) — (ABCQ),
2:(A,B,C) — (aA, bB, cC),
3:(A,B,C) — (e,€,€)}
L(G) ={a"b"c" : n>0}
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Production Labels I

m to express that x = y by p: (A1,...,Ap) — (x1,...,X,), We write
x =y [p]

Example
S = ABC [1] = aAbBcC [2] = aaAbbBccC [2] = aabbcc [3] in G

m to express that x = y by productions labeled with p1,..., p,, we
write x =* y [p1 ... pn]

B pi...ps € lab(G)*

Example

S =% aabbcc [1223] in G
1223 € lab(G)*
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Generator of its Sentences Preceded by Their Parses

Parse (Szilard word, control word)

If S =* x [p],x € T*, p € lab(G)*, then x is a sentence generated by G
according to parse p

Example

aabbcc is a sentence generated according to parse 1223 in G

Proper generator of its sentences preceded by their parses

G is a proper generator of its sentences preceded by their parses iff
L(G)={x : x=py,y € (T —lab(G))*,p € lab(G)*,S =" x [p]}

Proper leftmost generator of its sentences preceded by their parses

m in addition, G generates L(G) in a leftmost way
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Proper Generator of its Sentences Preceded by
Their Parses—Example

Example

G = ({57 A7 B’ C7 a7 b7 C’ 1’27 37 $}7 {37 b7 C’ 1727 3}7 P’ 5)
with
lab(G) = {1,2,3},
P={1:(S) — (13ABC)
2:(3,A,B,C) — (29, aA,bB, cC)
3:(5,A,B,C) — (3,¢,¢,¢)}

S = 1$ABC [1] = 12$aAbBcC [2] = 122%aaAbbBccC [2] =
1223aabbcc [3]
S =% 1223aabbcc [1223]

L(G) = {pa"b"c" : n>0,S =* pa"b"c" [p],p = 12"3}
G is a proper leftmost generator of its sentences preceded by their parses
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Theorem 1

Production Length
Let G =(V,T,P,S) be a SC grammar. Set
m len((A1,...,An) — (X1,. .., %n)) = |A1... Apl =n
m lenmax(P) = len(p), where p € P is a production satisfying
len(p) > len(r) for all r € P

Left Quotient
Lo\Ly ={y : xy € L1, for some x € Ly}

Theorem

For every recursively enumerable language L there exists a PSC grammar
G =(V,T,P,S) such that G is a proper leftmost generator of its
sentences preceded by their parses, G contains no more than six
nonterminals, lenmax(P) = 4, and L = lab(G)™\L(G) N alph(L)*.
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Extended Post Correspondence

Extended Post Correspondence (EPC)

E= ({(Ul, Vl)a SER) (ufv Vf)}’ (2317 B 7zan))7
where T = {a1,...,an}, Ui, Vi,Zza, € {0,1}* for each 1 </ < r and
1</<n
Language of EPC

LE)={b1...bk € T" : Vg ...Vs, = Us, ... UsZp -..2Zp,
for some s1,...,5y € {1,...,r},[ > 1,k >0}

Example

E = ({(01,011),(1,10),(1,11)},(14,01)), T = {a, b}
0111011 = 0111011,

ba € L(E)
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Techet, Masopust, Meduna (FIT, BUT)

Power of EPC

Theorem

Every recursively enumerable language can be represented by an EPC.
Representation of a RE language

mlet LC T* where T = {ay,
m L is represented by an EPC

...,an}, be a RE language

E=(D,(za,---,2a,)),
where
D= {(u1,v1),...,(ur,vr)},
Ui, Vi, Za, € {0,1}* foreach 1 <i<r, 1<j<n
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Construction
Basic Idea

[0 Represent the RE language L by an EPC

Generate strings Zy .- 2Za,

Generate strings us, ... us, and v, ... vs

and aj; ... a;

n

/

Verify if us, ... UsZaj - .. Za) = Vs ... Vg

A Replace all auxiliary symbols with labels

+ after using a production, add its label to a sentential form
Define the PSC grammar

= ({S,A,B,0,1,#} U T Ulab(G), T Ulab(G), P, S),

where
lab(G) = {[1], (3], [30], [31), (4], [4o], [41], [42]}
U {LlaJ rac T} U {L2UIVIJ7 L20UiViJ : (U,', Vi) € D}
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Construction of P, Step 1

Step 1
For each a € T, add
[1] - (5) — ([1]AA)
1] : (A A) — (|1.2)Aza, Ad)

Example

S = [1]AA
= |1)|1s, |Az,, Aaj,

= [1)[La, ] - Loy JAZay - 2, Ay - 3

n
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Construction of P, Step 2

Step 2

For each (uj,v;) € D, 1 <i<r, add
[2uv;] = (A, A) = (2] Buj, Bvi)
LZOU,‘V,‘J : (Bv B) - (LzOUiViJBuh BV,')

Example
(115, ] [Lay JAZsy - 25 Ay . -ajn
= |1]|1 ajnj Llale |2 us,vs,J Bu5,za o Zay, Bvgaj, ... aj,
\‘ J\‘ J LlaJIJL Us,Vs,J \‘2()“5, 1 Vs 1J
Busl \UsiZay - - Zay, Bvs, ,vsaj ... aj,

= 'LlJ (o) [Ty ] 200 v ) (2005, ve ] [2ouve )

Bug, ... Us Zaj - - .zajnBvs1 . Vgdj ... 3

n
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Construction of P, Step 3

?
Step 3 (us, ... UsyZaj, - Zaj) = Vs - - Vs,)

Add
13]: (B,B) — (|3]A, B)
[30]) : (A,0,B,0) — ([30], A, #, B)
131] : (A, 1,B,1) — ([31], A, #, B)

Example
...Bug ... Us Zaj - .zajnBvs1 . Vg ... a),
= ...[3]JA01...01B01...01a; ...a;
= ...[3][30JAl...01#B1...01a; ... aj,
= ... |_3J|_30J |_31JA#...#BQJ'1 <o dj,
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Construction of P, Step 4

[40] : (B,#) — (l40], B)
[41): (B, A) = (4], B)
B 4] :(B) — ([42])
Example
CA# . #Bay .. a8, = ... |4|B#... #Aa; ... aj
= ... L4JL40JB#...#A3J'1...3J'" = ...
o= |_4J|_40J \_40JBA3J'1 <o dj,
= ... L4J L40J . L40J L41J Bajl I
= ... |_4J L40J . L40J |_41J L42J aj ...aj,
Techet, Masopust, Meduna (FIT, BUT) Reduced Scattered Context Generators Modern FLT, 2007

17 /21



Theorem 2

Theorem

For every recursively enumerable language L there exists a PSC grammar
G =(V,T,P,S) such that G is a proper leftmost generator of its
sentences preceded by their parses, G contains no more than nine
nonterminals, lenmax(P) = 2, and L = lab(G)*\L(G) N alph(L)*.

Proof
Define the PSC grammar

=({S,A,B,C,0,1,%0,%1,#}UTU Iab(G'), TU Iab(G’), = S),
where

lab(G') = (lab(G) —{30], [31]})

= (
U {[301]; [302] [303], [304]; [311], [312], [313], [314] }
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Construction of P, Step 3

m Steps 1, 2, and 4 are the same as in the proof of Theorem 1

2

Step 3 (us, ... UsyZaj, - Zaj) = Vs - - Vs,)
Add
13] : (B, B) — ([3JA,B)
a |_301J : (B,O) — (#,$0)
b L302J . (A,$0) — (C,$o)
¢ [303] : (C,0) — ([301][302][303] %0)
d L304J . ($0,$0) — (|_3()4JA7 B)
a L311J : (B, 1) — (#,$1)
b L312J : (A,$1) — (C,$1)
c [313) 1 (C,1) — ([311] [312][313], $1)
d |_314J . ($1,$1) — (|_314JA7 B)
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Construction of P, Step 3—Example

Example

...|3JA01...01B01...01aj, ... 4,
= ...|3][30)AL...01#B1...0laj ... a;

n

in G is simulated by

..|3JA01...01B01...01a; ... a,
..|3JA0L...01#%1...01a; ... aj,
..|3/CO1...01#801...01a; ... a,
.. L3J L301J L302J L303J $01 B 01#$01 R Olajl ... dj,

. \_3J |_301J L302J |_303J L304J Al... 01#81 ce O].aj1 .- dj,

el

in G’
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Conclusion

We have proved that

m for every RE language there is a PSC grammar which generates its

sentences preceded by their parses
m this grammar generates its language in a leftmost way

m the total number of nonterminals and production length can be
reduced
Future investigation

m which other grammars can be used for this type of generation?

m is it possible to generate sentences together with other useful
information?
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