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Y nite Automata
Finite Automata—Concept

tape
lalala|b|b|b|b]a]

Characteristics
@ Finite state control

@ Input cannot be modified
@ Head only moves forward
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Finite Automata

Finite Automata—Definition

A finite automaton is a quintuple

M:(Q727P’QO’F)

where
@ Qs afinite set of states,
@ X is an input alphabet,
@ Pis afinite set of rules of the form gw — p, q,p € Q, w € £*,
@ o € Qs an initial state,
@ F C Qis a set of final states.
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Finite Automata

Finite Automata—Language

Definition
A configuration is any member of QX*.
If

gwy € Qx* and r.qw — p € P,
then
qwy = py [r].
The language of M is the set

LM)={we X qw=""1 fcF},

where =* is the reflexive and transitive closure of =-.
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Y nite Automata
Finite Automata—Example

tape

[a[a]alb[bb]b] |  © 97 19a®i
@ Y ={ab}

@ P contains
e 1.0.a— g3

1 @ 2.gab — qp
" ) 3.qbb — Qb
L‘ @ M startsin g;
Current state: g, ° F=Q
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Y nite Automata
Finite Automata—Example

tape 0
[G[a[ablb[blb] | 9= 9%
@ Y ={ab}
@ P contains
e 1.g.a— g3

[ @ 2.gab — qp
‘ ° 3.g0b— @
&‘ @ M startsin g;
Current state: gp °F=Q

o Z(M) = {a}*{b}"
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R Sc!i-Regulation—The Main Idea
Self-Regulation—The Main Idea

@ M= (N,t R), where

| e N=({s,t f},{a b}, P,s {f})
is a finite automaton

\ @ P contains

e 1.sa— s

( @ 2sb—s
) @ 3s—t
\ o dta—t
) e 5.tb—t
state: s, rules used: @ 6.t—f

@ R= {(174)7 (2’ 5)’ (37 6)}
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@ M= (N,t R), where

| e N=({s,t f},{a b}, P,s {f})
is a finite automaton

\ @ P contains

e l.sa— s

i @ 2sb—s
) @ 3s—t
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R Sc!i-Regulation—The Main Idea
Self-Regulation—The Main Idea

tape o M= (N7 tv R)a where
[albla]b] | | T | o N=({s,tf} {ab},P,s{f})
is a finite automaton
@ P contains
e 1.sa— s
( @ 2sb—s
y @ 35—t
Y o 4ta—t
‘o o 5.tb—t
state: s, rules used: 1,2 e 6.t—f
e R={(1,4),(2,5),(3,6)}
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R Sc!i-Regulation—The Main Idea
Self-Regulation—The Main Idea

@ M= (N,t R), where

tape
[al[blalb] | [ [ | @ N=({s,t f} {a b}, P,s,{f})
is a finite automaton
@ P contains
@ 1.sa— s
( @ 2sb—s
y @ 3.s—t
Y o 4ta—t
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Definitions

Self-Regulating Finite Automata

Let

N:(szvpvqml:)

be a finite automaton.
A self-regulating finite automaton, SFA, is a triple

M = (N7 at, R)7

where
@ g: € Qis aturn state, and
@ R C V x Vis a finite relation on the alphabet of rule labels.
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Definitions

All-Move Self-Regulating Finite Automata

Definition
For n > 0, an SFA M is an n-turn all-move SFA, n-all-SFA, if M accepts
w as follows. There is gow =* f[u], f € F, such that

M=ol 14 ...nMH 5

k rules k rules k rules

where k € N, r is the first rule of the form gx — g;, for some g € Q,
X € ¥*, and
(jrij+1r) € R

forall1 <i<k,0<j<n.
The family of languages accepted by n-all-SFAs is denoted ALL,,.
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Definitions

First-Move Self-Regulating Finite Automata

Definition
For n > 0, an SFA M is an n-turn first-move SFA, n-first-SFA, if M
accepts w as follows. There is gow =* f[u], f € F, such that

w=olole...ofk 1112 ... 1k -..-nlMnl2...nlk,

k rules k rules k rules

where k € N, r is the first rule of the form gx — g;, for some g € Q,
X € ¥*, and
(jr,jr1r) € R

forO <j<n.
The family of languages accepted by n-first-SFAs is denoted FIRST,,.
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Y Dailnitions
First-Move SFA—Example

| @ M= (N,t,R), where

state: s, rul

o N=({s,t,f},{a b}, P,s,{f})
@ P contains

e 1.sa—s
@ 2sa—t
e 3.tb—f
e 4fb—f

e R={(1,3)}
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Definitions

First-Move SFA—Example

tape
[a[a[b]b] | © M=(N.t,R), where
o N=({s,t,f},{a b}, P,s{f})
\ @ P contains

e 1sa—s

@ 2.sa—t

"] 3.tb — f

e 4.fb—f

state: s, rules used: 1 ° R={(1,3)}
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Y Dailnitions
First-Move SFA—Example

e
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Y Dailnitions
First-Move SFA—Example

o N=({s t f},{a b}, P,s, {f})

tape
lala[b|b] @ M= (N,t, R), where
@ P contains

p @ 1.sa— s

e 2sa—t

‘ 0 3.tb—f

O T
state: f, rules used: 3,2 e R={(1,3)}
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N 'inions
First-Move SFA—Example

tape

lalalblb] [ | [ | ® M= (N,t, R), where
o N=({s,t,f},{a b}, P,s{f})
@ P contains

p @ 1.sa— s

0 2.5a—t

‘ 0 3.tb—f

L‘ e 4.fb—f

state: f, rules used: ° R={(1,3)}

@ Z(M)={a"b":n>1}
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Results

Parallel Right-Linear Grammars (PRLG)

These grammars are needed in the following proof.

Definition (Rosebrugh and Wood, 1975)
For n > 0, an n-PRLG is an (n + 3)-tuple

G=(Ny,....,N,, T,S,P),
where

@ N; are pairwise disjoint nonterminal alphabets, 1 < i < n,
@ T is a terminal alphabet,
@ SZNyU---UN,,
@ P contains three kinds of rules:
QD S—Xi.. X,s XeN,1<i<n,

Q X—-wY X,Y e N;forsomei,1<i<n weT* and
Q@ X—w XeN,we T
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Y Fiesults
PRLG—Derivation Step

Forx,y e (NUTU{S})",
X=y

if and only if
@ citherx=Sand S — y € P,
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Y Fiesults
PRLG—Derivation Step

Forx,y e (NUTU{S})",
X=y
if and only if
@ citherx=Sand S — y € P,
Q x =y XiyoXo... YnXn
Lol !
Y=Y1XiYa2Xo...¥YnXn
yieT, x;e T*"NUT*, X;ie Nj, X, — x;€ P,1<i<n.
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Y Fiesults
PRLG—Derivation Step

Forx,y e (NUTU{S})",
X=y
if and only if
@ citherx=Sand S — y € P,
Q x =y XiyoXo... YnXn
Lol !
Y=Y1XiYa2Xo...¥YnXn

vieT*, x;e T"NUT*, Xie N, Xi — x;€ P,1<i<n.

ZL(G)={we T*:S=7 w}, =T defined as usual.

PRL, ={Z(G) : Gis an n-PRLG}.



[
PRLG—Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P contains rules
@ S— AB
@ A— aA
e A—-a
@ B— bB
@ B-b
Consider a derivation in G:

S

D Self-Regulating Finite Automata 20/ 49
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Y Fiesults
PRLG—Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P contains rules
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| el

PRLG—Example

Example

Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P contains rules

e S— AB
@ A— aA
e A—-a
@ B— bB
@ B-b

Consider a derivation in G:

Z(G)={ab":n>1}

Self-Regulating Finite Automata
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N M - -

Lemma
Let G be an n-PRLG. There is an (n — 1)-first-SFAM: Z(G) = L(M).

Proof idea for n = 3.

y
= ()
I
Xi1Y14
; ?
x1Xoy1Yo212,
)
X1X2Y1Y22122 e
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I  Fcsuits
Lemma

Let M be an n-first-SFA. There is an (n+ 1)-PRLG G: Z(G) = Z(M).

Proof idea for n = 2.

Let = (QoXo — 1), (g1 X1 — Q2),(gaX2 — q),
(nyr — ), (rey: — i),
(gizo — $1), (8121 — 82), (5222 — )

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S:> [q0X07q1707 Ch] [inO’S172a qf]
= Xo[q4,0, tlyolri, 1, Gl 20[S1, 2, ]
= XoX1[q2,0, Gt]yoy1[re, 1, Qil2021[S2, 2, G5,
= XoX1X2[qt, 0, Qelyoy1¥2[ai, 1, il 2021 22[qr, 2, g1
= XoX1X2YoY1Y2202122
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I  Fcsuits
Lemma

Let M be an n-first-SFA. There is an (n+ 1)-PRLG G: Z(G) = Z(M).

Proof idea for n = 2.

Let v = (QoXo — 1), (G1 X1 — Q2), (GaX2 — 1),
(QtYo — 1), (Y2 — qi),
(gizo — $1), (8121 — S2),(S222 — Q)

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S= [q0X07 a1, Oa ql‘][qu07 ry, 1 ) qi][inOa Sq, 25 CIf]
= Xo[q1,0, gt]yo 2[s1,2, q1]
= XoX1[q2,0, Gt]yoy1[r2, 1, Qil2021[S2, 2, G5,
= Xox1X2[qt, 0, Qt]yoy1y2[qi, 1, il 2021 22[41, 2, 91
= XoX1X2YoY1Y2202122

D Self-Regulating Finite Automata 22/49



I  Fcsuits
Lemma

Let M be an n-first-SFA. There is an (n+ 1)-PRLG G: Z(G) = Z(M).

Proof idea for n = 2.

Let = (QoXo — 1), (q1 X1 — Q2),(QoXx2 — q1),
(atyo — n1), (rnys — r2), )
(gizo — $1), (8121 — 82), (5222 — )

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S= [q0X07 a1, Oa ql‘][qu07 ry, 1 ) qi][inOa Sq, 25 CIf]
= Xo[q1,0, qtlyolri, 1, Gl 20[S1, 2, 7]
= XoX1[q2, 0, G| Yoy 2071[S2,2, qy,]
= XoX1X2[qt, 0, Qt]yoy1Y2[qi, 1, il 2021 22[41, 2, 91
= XoX1X2YoY1Y2202122

D Self-Regulating Finite Automata 22/49



I  Fcsuits
Lemma
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I Fcsuits
PRLG vs. first-SFA

For alln> 0, FIRST, = PRL,, 1.

This theorem follows from the previous two lemmas:

Lemma

Let G be an n-PRLG. There is an (n — 1)-first-SFA M such that

Lemma

Let M be an n-first-SFA. There is an (n+ 1)-PRLG G such that

D Self-Regulating Finite Automata 23/49



[
Language Families of First-Move SFAs

Corollary (Rosebrugh and Wood, 1975)

@ REG = FIRST, C FIRST, C FIRST, C --- C CS.
© FIRST, c CF.

© FIRST, Z CF.

©Q CF ¢ FIRST, forany n > 0.

D Self-Regulating Finite Automata 24/ 49



Results

Right-Linear Simple Matrix Grammar (RLSMG)

These grammars are needed in the following proof.
Definition (Wood, 1975)
For n > 0, an n-RLSMG is an (n + 3)-tuple

G=(Ny,...,N,, T,S,P),
where
@ N; are pairwise disjoint nonterminal alphabets, 1 < i < n,
@ T is a terminal alphabet,
@ SZNyU---UN,,
@ P contains three kinds of matrix rules:

Q [S— Xi... X Xie N,1<i<n,
e[x1_>W1Y17-~-aXn_>WnYn] WIET*y)(H\/IENI!.‘SISnv
Q [Xi »wy,.... X, — wy] XieN,wieT*,1<i<n.

25/49



Y Fiesults
RLSMG-Derivation Step

Forx,y e (NUTU{S})",
X=y

if and only if
@ either x =Sand [S — y] € P,
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Y Fiesults
RLSMG-Derivation Step

Forx,y e (NUTU{S})",
X=y
if and only if
@ either x =Sand [S — y] € P,
Q x =y XiyoXo... YnXn
! -
Y=Y1XiYa2Xo...¥YnXn
yie T, x;e T'"NUT*, Xie Nj, 1 <i<n,
[X1 — Xy, Xn—>Xn]EP.

’ )
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Y Fiesults
RLSMG-Derivation Step

Forx,y e (NUTU{S})",
X=y
if and only if
@ either x =Sand [S — y] € P,
Q x =y XiyoXo... YnXn
1 Lo ]
Y=WNX1YaXo...YnXn

yieT*, ;e T"NUT*, Xie N;, 1 <i<n,

[X1HX1 ..... Xn—>Xn]EP.

’ )

ZL(G)={weT":S=7 w}, =7 is defined as usual.

RLSM, = {Z(G) : Gis an n-RLSMG}.



Y Fiesults
RLSMG—Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P contains rules
@ [S— AB]
@ [A— aA B — aB]
@ [A— bA, B — bB]
@ [A—¢,B— ¢
Consider a derivation in G:

S
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Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P contains rules
@ [S— AB]
@ [A— aA B — aB]
@ [A— bA, B — bB]
@ [A—¢,B— ¢
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Y Fiesults
RLSMG—Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P contains rules
@ [S— AB]
@ [A— aA B — aB]
@ [A— bA, B — bB]
@ [A—¢,B— ¢
Consider a derivation in G:

Z(G)={ww:we{ab}"}
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Lemma
Let G be an n-RLSMG. There is an (n—1)-all-SFA M: Z(G) = Z(M).

Proof idea for n = 3.

y
= ()
I
Xi1Y14
; ?
x1Xoy1Yo212,
)
X1X2Y1Y22122 e
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I  Fcsuits
Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G: Z(G) = Z(M).

Proof idea for n = 2.

Let = (QoXo — 1), (g1 X1 — Q2),(gaX2 — q),
(nyr — ), (rey: — i),
(gizo — $1), (8121 — 82), (5222 — )

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S:> [q0X07q1707 Ch] [inO’S172a qf]
= Xo[q4,0, tlyolri, 1, Gl 20[S1, 2, ]
= XoX1[q2,0, Gt]yoy1[re, 1, Qil2021[S2, 2, G5,
= XoX1X2[qt, 0, Qelyoy1¥2[ai, 1, il 2021 22[qr, 2, g1
= XoX1X2YoY1Y2202122
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I  Fcsuits
Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G: Z(G) = Z(M).

Proof idea for n = 2.

Let v = (QoXo — 1), (G1 X1 — Q2), (GaX2 — 1),
(QtYo — 1), (Y2 — qi),
(gizo — $1), (8121 — S2),(S222 — Q)

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S= [q0X07 a1, Oa ql‘][qu07 ry, 1 ) qi][inOa Sq, 25 CIf]
= Xo[q1,0, gt]yo 2[s1,2, q1]
= XoX1[q2,0, Gt]yoy1[r2, 1, Qil2021[S2, 2, G5,
= Xox1X2[qt, 0, Qt]yoy1y2[qi, 1, il 2021 22[41, 2, 91
= XoX1X2YoY1Y2202122
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I  Fcsuits
Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G: Z(G) = Z(M).

Proof idea for n = 2.

Let = (QoXo — 1), (q1 X1 — Q2),(QoXx2 — q1),
(atyo — n1), (rnys — r2), )
(gizo — $1), (8121 — 82), (5222 — )

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S= [q0X07 a1, Oa ql‘][qu07 ry, 1 ) qi][inOa Sq, 25 CIf]
= Xo[q1,0, qtlyolri, 1, Gl 20[S1, 2, 7]
= XoX1[q2, 0, G| Yoy 2071[S2,2, qy,]
= XoX1X2[qt, 0, Qt]yoy1Y2[qi, 1, il 2021 22[41, 2, 91
= XoX1X2YoY1Y2202122
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I  Fcsuits
Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G: Z(G) = Z(M).

Proof idea for n = 2.

Let u = (qoXo — 1), (q1X1 — Q2), (GoX2 — qt),
(QtYo — 1), (nyr — r2), (ry: — qi),
(gizo — $1), (8121 — 82), (5222 — )

be an acceptance of xpxyXoVoV1Y22021222> in M. Then,

S= [q0X07 a1, Oa ql‘][qu07 ry, 1 ) qi][inOa Sq, 25 CIf]
= Xo[q1,0, qtlyolri, 1, Gl 20[S1, 2, 7]
= XoX1[q2,0, Gt]yoy1[r2, 1, Qil2021[S2, 2, Gj,)
= XoX1X2[qt, 0, qi]yoy1 2 2p2122(qr, 2, g1
= XoX1X2YoY1Y2202122
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RLSMG vs. all-SFA

Foralln> 0, ALL, = RLSM,,, 1.

This theorem follows from two previous lemmas:

Lemma

Let G be an n-RLSMG. There is an (n — 1)-all-SFA M such that

Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G such that
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[
Language Families of All-Move SFAs

Corollary (Wood, 1975)

@ REG=ALLyc ALL; c ALL, C --- C CS.
Q ALL, ¢ CF.
Q@ CF g ALLy, forn>0.
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Results

Comparison

@ FIRST, = ALLy = REG.

Q Foralln> 0, FIRST, c ALL,.

© FIRST, ¢ ALL, 1,n>1.

Q ALL,— FIRST # 0, n> 1, where FIRST = | J°°_, FIRST.
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Y Fiesults
Comparison

Fn, = FIRST,, the family of languages accepted by n-first-SFAs
An = ALL,, the family of languages accepted by n-all-SFAs
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Outline

e Self-Regulating Pushdown Automata
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e Self-Regulating Pushdown Automata

@ Definitions
@ All-Move Self-Regulating Pushdown Automata
@ First-Move Self-Regulating Pushdown Automata

35/49



Y Dailnitions
Pushdown Automata—Concept

tape Characteristics

[ala[a]b]b[b]b]a] @ Finite state control

@ Input cannot be modified
@ Head only moves forward
°

Potentially infinite pushdown
store

@ Pushdown top can be modified

@ Pushdown-head reads the top
symbol

pushdown
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Definitions

Pushdown Automata—Definition

A pushdown automaton is a quintuple

M=(Q,%,T,P,q,%,F),

where
@ Qis afinite set of states,
@ X and I are input and pushdown alphabets, respectively,

@ P is a finite set of rules of the form Agw — zp, AeT, qg,p € Q,
weXtzel™,

@ qo € Qis an initial state,
@ Zjis an initial pushdown symbol,
@ F C Qis aset of final states.
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Definitions

Pushdown Automata—Language

A configuration is a member of * QX*.
If

xAqwy € T*QX* and r.Aqw — zp € P,
then
xAgwy = xzpy [r].
The language of M is the set

LM)={we X Zhgw=""1 feF}.
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Definitions

Self-Regulating Pushdown Automata

Let

N:(Q,Z,F,P,QO,ZO,F)

be a pushdown automaton.
A self-regulating pushdown automaton, SPDA, is a triple

M = (N7 at, R)a

where
@ g: € Qis aturn state, and
@ R C V x Vis a finite relation on the alphabet of rule labels.
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Definitions

All-Move Self-Regulating Pushdown Automata

For n > 0, an SPDA M is n-turn all-move SPDA, n-all-SPDA, if M
accepts w as follows. There is Zygow ="* f[u|, f € F, such that

M=ol 14 ...nMH 5

k rules k rules k rules

where k € N, ry is the first rule of the form Zgx — zg;, for some
Zel,qeQ,xeXx*, zel* and

(jrij+1r) € R

forall1 <i<k,0<j<n.
The family of languages accepted by n-all-SPDAs is denoted
ALL-SPDA,.
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Definitions

First-Move Self-Regulating Pushdown Automata

Definition
For n > 0, an SPDA M is n-turn first-move SPDA, n-first-SPDA, if M
accepts w as follows. There is Zygow ="* f[u|, f € F, such that

w=olole...ofk 1112 ... 1k -..-nlMnl2...nlk,

k rules k rules k rules

where k € N, ry is the first rule of the form Zgx — zg;, for some
Zel,qeQ,xeXx*, zel* and

(rijerr) € R

forO <j<n.

The family of languages accepted by n-first-SPDAs is denoted
FIRST-SPDA,.
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e Self-Regulating Pushdown Automata

@ Results
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[
All-Move Self-Regulating Pushdown Automata

Observation: ALL-SPDAy = FIRST-SPDA, = CF.

ALL-SPDA; = RE.

Proof Idea.

L € RE, then there are CFGs G and H in GNF such that

L= h(Z(G) N Z(H)).

On the pushdown, M simulates

@ G that generates a string x so if ais on the top, M reads h(a);
then,

© H that generates x, which is verified by R (no input is read).
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All-Move Self-Regulating Pushdown Automata

Proof Idea (cont.).

tape Characteristics

‘ | @ X=Db1by...bp

@ b= h(a,-)

@ checkif ajax...an € Z(G)

@ ifso, h(ayaz ... an) € h(Z(G))
@ checkif ajax...an € Z(H)

@ if so,
a1a@...an € Z2(G)NZL(H)

pushdown
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Results

All-Move Self-Regulating Pushdown Automata

Proof Idea—Construction.

M = ({quqv at, p; f}aA7ZU NGU NHU {Z}v’Dv quZ,{f}a R)

Z ¢ Y UNgU Ny, with R and P made as

Q@ add (Zqy — ZSgq, Zq: — ZSup) to R

© add (Ag — B,...Bjaq,Cp — Dp,...Diap) to R if
A— aBy...B, e Pgand
C—aD;...Dye Py

© add (agh(a) — g,ap — p)to R
Q add (Zg — Zq;,Zp — f)to R
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Open Problems

1. Whatis FIRST-SPDA,, forn > 17

2. Determinism.
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