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Basic Definitions

Alphabet

An alphabet is a nonempty, finite set of symbols.

Example

is an alphabet.
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Basic Definitions

Alphabet

An alphabet is a nonempty, finite set of symbols.

Example

is not an alphabet.
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Basic Definitions

String

Let Σ be an alphabet.
• ε is a string over Σ.
• If x is string over Sigma and a ∈ Σ, then xa is a string over Σ.

• ε denotes empty string that contains no symbols.

Example

Consider Σ = {0,1}. Then,

is a string over Σ.
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Basic Definitions

Length of String

Let x be a string over Σ. The length of x , |x |, is defined as follows:
• if x = ε, then |x | = 0,
• if x = a1 . . . an, then |x | = n.

Example

Consider x = 1100.
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Basic Definitions

Concatenation
Let x and y be two strings over Σ. The concatenation of x and y is a
string xy .

Example

Let x = 110, y = 11 and z = ε be three strings.
• Concatenation of x and y is xy = 11011.
• Concatenation of y and x is yx = 11110.
• Concatenation of x and z is xz = 110ε = 110 = x .
• Concatenation of z and x is zx = ε110 = 110 = x .
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Basic Definitions

Language

Let Σ∗ denote the set of all string over alphabet Σ. Every subset
L ⊆ Σ∗ is a language over Σ.

• Σ+ is Σ∗ without ε (Algebraically, Σ+ = Σ∗ − {ε})

Example

Consider Σ = {0,1}:

L = ∅ is a language over Σ.
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Basic Definitions

Language

Let Σ∗ denote the set of all string over alphabet Σ. Every subset
L ⊆ Σ∗ is a language over Σ.

• Σ+ is Σ∗ without ε (Algebraically, Σ+ = Σ∗ − {ε})
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Consider Σ = {0,1}:

L = {ε} is a language over Σ.

Formal Models of Lindenmayer Systems 24 / 1



Basic Definitions

Language

Let Σ∗ denote the set of all string over alphabet Σ. Every subset
L ⊆ Σ∗ is a language over Σ.

• Σ+ is Σ∗ without ε (Algebraically, Σ+ = Σ∗ − {ε})

Example

Consider Σ = {0,1}:

L = {x : |x | = 1} is a language over Σ.
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Basic Definitions

Language

Let Σ∗ denote the set of all string over alphabet Σ. Every subset
L ⊆ Σ∗ is a language over Σ.
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Part II

0L Systems
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0L–Systems

0L–System

An 0L–System is a triple

G = (T ,P,w)

where:
T is an alphabet,
P is a set of the form a→ x with a ∈ T and x ∈ T ∗,
w is the start string (w ∈ T+).

D0L–System

Any 0L–system is a D0L–system (Deterministic 0L–system), if there
is exactly one rule a→ x ∈ P for each a ∈ T .

P0L–System

Any 0L–system is a P0L–system (Propagating 0L–system), if for each
a→ x ∈ P, x 6= ε.
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0L–Systems: Derivation Step

Derivation step

Let G = (T ,P,w) be a 0L–system. Let n be a positive integer,
a1,a2, . . . ,an ∈ T , x1, x2, . . . , xn ∈ T ∗ and ai → xi ∈ P for each
i = 1, . . . ,n. Then, a1a2 . . . an directly derives x1x2 . . . xn in G, written
as a1a2 . . . an ⇒ x1x2 . . . xn.

Examples

Rules: for every i = 1,2, . . . ,n, ai → xi
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0L–Systems: Sequence of Derivation Steps

Zero–step

Let G = (T ,P,w) be a 0L–system and x ∈ T ∗ be a string. G makes
zero–derivation from x to x ; in symbols, x ⇒0 x .

Sequence of Derivation Steps

Let G = (T ,P,w) be a 0L–system and x0, x1, x2, . . . , xn ∈ T ∗ be n + 1
strings and xi−1 ⇒ xi in G for all i = 1,2, . . . ,n. Then, G makes n
defivation steps from x0 to xn; in symbols, x0 ⇒n xn.

Properly Derivation

Let G = (T ,P,w) be a 0L–system and x0, xn ∈ T ∗ be two strings,
x0 ⇒n xn in G for some n ≥ 1. Then, x0 properly defives xn in G,
written as x0 ⇒+ xn.

Derivation

Let G = (T ,P,w) be a 0L–system and x0, xn ∈ T ∗ be two strings,
x0 ⇒n xn in G for some n ≥ 0. Then, x0 defives xn in G, written as
x0 ⇒∗ xn.
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Language of 0L–Systems

Generated Language

Let G = (T ,P,w) be a 0L–system. The language generated by G,
L(G), is defined as

L(G) = {x : x ∈ T ∗ and w ⇒∗ x}

Illustration:
• G = (T ,P,w),
• w , x ∈ T ∗,
• If w ⇒ . . .⇒ . . .⇒ x

• then x ∈ L(G);
• otherwise, x 6∈ L(G)
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Length Set

Length set of L

Let G = (T ,P,w) be a 0L–system and L(G) be a language
generated by G. Length set of L(G),|L(G)| is defined as

|L(G)| = {|x | : x ∈ L(G)}

Example

Let G = ({a,b, c}, {a→ abcc,b → bcc, c → c},a).

|L(G)| = {i2 : i is a natural number}
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Example I

Example

Length set of L Let G = ({a}, {a→ aa,a).

a⇒ aa⇒ aaaa⇒ aaaaaaaa⇒ aaaaaaaaaaaaaaaa⇒ . . .

L(G) = {a2n
: n ≥ 0}

Example

Let G = ({a,b}, {a→ b,b → ab},a).

a⇒ b ⇒ ab ⇒ bab ⇒ abbab ⇒ . . .

|L(G)| = {i : i ≥ 1 is a Fibonacci number}
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a⇒ b ⇒ ab ⇒ bab ⇒ abbab ⇒ . . .

|L(G)| =

{i : i ≥ 1 is a Fibonacci number}
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Example I

Example

Length set of L Let G = ({a}, {a→ aa,a).

a⇒ aa⇒ aaaa⇒ aaaaaaaa⇒ aaaaaaaaaaaaaaaa⇒ . . .

L(G) = {a2n
: n ≥ 0}

Example

Let G = ({a,b}, {a→ b,b → ab},a).

a⇒ b ⇒ ab ⇒ bab ⇒ abbab ⇒ . . .

|L(G)| = {i : i ≥ 1 is a Fibonacci number}
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

11

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 32#3

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 2 42#2#4

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 2 5 42#2#504

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 2 6 5 42#2#60504

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 2 7 6 5 42#2#7060504

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 2 8 7 6 5 4
1

2#2#8(1)07060504

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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Red Alga

Example

G = ({1,2,3,4,5,6,7,8, (, ),#,0},P,1) where P contains:

0L System – Example II

Example (Red Alga)

G = ({1, 2, 3, 4, 5, 6, 7, 8, (, ),#, 0},P, 1) where P contains

1 2 3 4 5 6 7 8 ( ) # 0

2#3 2 2#4 504 6 7 8(1) 8 ( ) # 0

2 2 8 8 7 6 5 4
2

3

1

2#2#8(2#3)08(1)07060504

(. . . ) branch

8 branch position

0 oblique wall

# vertical wall
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0L Systems in Chomsky Hierarchy
0L Systems in Chomsky Hierarchy

L (CS)

L (CF )

L (REG )

L (FIN)

L (0L)

{b2n : n ≥ 2} {bncdn : n ≥ 1} {a}+ {a}

{b2n : n ≥ 2}
∪{a, aa}

{bncdn : n ≥ 1}
∪{a, aa} {bbb}+ ∪{a, aa} {a, aa}

Techet, Masopust, Meduna (FIT, BUT) L Systems Modern FLT, 2007 15 / 25
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Part III

Alternatives of L–Systems
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Alternatives of L–Systems

E0L–System

An E0L–System is a quadruple

G = (V ,T ,P,w)

where:
V is an total alphabet,
T is an alphabet and V ⊆ T ,
P is a set of the form a→ x with a ∈ V and x ∈ V ∗,
w is the start string (w ∈ V+).

Derivation

⇒, ⇒+, ⇒∗ – by analogy with 0L–systems

Generated Language

Let G = (V ,T ,P,w) be a E0L–system. The language generated by
G, L(G), is defined as L(G) = {x : x ∈ T ∗ and w ⇒∗ x}
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Alternatives of L–Systems

T0L–System

An T0L–System is a (n + 2)–tuple

G = (T ,P1,P2, . . . ,Pn,w)

where:
• n ≥ 1,
• for all i = 1,2, . . . ,n, Gi = (T ,Pi ,w) is an 0L–system.

Derivation
For x , y ∈ T ∗,
• x ⇒ y in G if x ⇒ y in Gi = (T ,Pi ,w) for some i = 1,2, . . . ,n
• ⇒+, ⇒∗ – by analogy with 0L–systems

Generated Language

Let G = (T ,P1,P2, . . . ,Pn,w) be a T0L–system. The language
generated by G, L(G), is defined as L(G) = {x : x ∈ T ∗ and w ⇒∗ x}
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Alternatives of L–Systems

ET0L–System

An ET0L–System is a (n + 3)–tuple

G = (V ,T ,P1,P2, . . . ,Pn,w)

where:
• n ≥ 1,
• for all i = 1,2, . . . ,n, Gi = (V ,T ,Pi ,w) is an E0L–system.

Derivation
For x , y ∈ T ∗,
• x ⇒ y in G if x ⇒ y in Gi = (V ,T ,Pi ,w) for some i = 1,2, . . . ,n
• ⇒+, ⇒∗ – by analogy with 0L–systems

Generated Language

Let G = (V ,T ,P1,P2, . . . ,Pn,w) be a ET0L–system. The language
generated by G, L(G), is defined as L(G) = {x : x ∈ T ∗ and w ⇒∗ x}
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Part IV

Conclusion
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Conclusion

�� ��������	
�������������������������������������� ����� ���������� ������������	��������������������	���������������������������������������� �����!���������������"�����������������• 0L–system is natural rewriting system with geometrical property.
• Family of 0L–system languages are relatively small.
• There are some modifications of original 0L–systems, such that

E0L, T0L and ET0L systems.
• L (CF) ⊂ L (E0L) ⊂ L (ET0L) ⊂ L (CS).
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