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Branching Structures

Introduction
• Turtle interprets character string as a sequence of line segments.

• Output is just a single line.

• Plant kingdom is dominated by branching structures.

• Mathematical description of tree–like shapes and method for
generating them are needed for modeling purposes.

• An axial tree complements the graph-theoretic notion of a rooted
tree with the botanically motivated notion of branch axis.

Automatic Modeling of Plant Development by Lindenmayer Systems 2 / 1



Part I

Axial Trees
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Basic Definitions

Rooted Tree
A rooted tree is a tree with edges that are labeled and directed.

Example
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Basic Definitions

Rooted Tree
A rooted tree is a tree with edges that are labeled and directed.

Example

Automatic Modeling of Plant Development by Lindenmayer Systems 5 / 1



Basic Definitions

Root
A root (base) is a distinguished node.

Example
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Basic Definitions

Branch Segments

Edge sequences (paths) from the root to the terminal nodes.

Example
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Basic Definitions

Internode
A segment followed by at least one more segment in some path.

Example
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Basic Definitions

Apex

An apex is a terminal segment (with no succeding edges).

Example
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Basic Definitions

Axial Tree
An axial tree is a root tree, where at each of its nodes, at most one
outgoing straight segment is distinguished.

Example

Automatic Modeling of Plant Development by Lindenmayer Systems 10 / 1



Basic Definitions

Axis
Sequence of segments where:

• the first segment in the sequence originates at the root of the
tree or as a lateral segment at some node,

• each subsequent segment is a straight segment, and

• the last segment is not followed by any straight segment in the
tree.
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Basic Definitions

Example
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• Axial trees are purely topological objects.
• Geometric connotation should be viewed at this point as an

intuitive link between the graph–theoretic formalism and real
plant structures.
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Part II

Tree 0L–Systems
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Tree 0L–Systems

Introduction
• Rewriting mechanism can operates directly on axial trees.
• A rewriting rule replaces a predecessor edge by a successor

axial tree.
• The starting node of the predecessor is identified with the

successors’s base.
• The ending node is identified with the successor’s top.1.6. Branching structures 23

Figure 1.22: A tree production p and its application to the edge S in a tree
T1

Axial trees are purely topological objects. The geometric connotation
of such terms as straight segment, lateral segment and axis should be
viewed at this point as an intuitive link between the graph-theoretic
formalism and real plant structures.

The proposed scheme for ordering branches in axial trees was in-
troduced originally by Gravelius [53]. MacDonald [94, pages 110–121]
surveys this and other methods applicable to biological and geograph-
ical data such as stream networks. Of special interest are methods
proposed by Horton [70, 71] and Strahler, which served as a basis for
synthesizing botanical trees [37, 152] (Figure 1.21).

1.6.2 Tree OL-systems

In order to model development of branching structures, a rewriting
mechanism can be used that operates directly on axial trees. A rewrit-
ing rule, or tree production, replaces a predecessor edge by a successor
axial tree in such a way that the starting node of the predecessor is
identified with the successor’s base and the ending node is identified
with the successor’s top (Figure 1.22).

A tree OL-system G is specified by three components: a set of edge
labels V , an initial tree ω with labels from V , and a set of tree produc-
tions P . Given the L-system G, an axial tree T2 is directly derived from
a tree T1, noted T1 ⇒ T2, if T2 is obtained from T1 by simultaneously
replacing each edge in T1 by its successor according to the production
set P . A tree T is generated by G in a derivation of length n if there
exists a sequence of trees T0, T1, . . . , Tn such that T0 = ω, Tn = T and
T0 ⇒ T1 ⇒ . . . ⇒ Tn.
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Tree 0L–Systems

0L–System

A Tree 0L–System is a triple

G = (T ,P,w)

where:
T is an set of edge labels,
P is a set of productions,
w is the initial tree with labels from T .

Derivation

Let G = (T ,P,w) be a tree 0L–system and let R1 and R2 be two axial
trees. R2 is directly derived from R1, R1 ⇒ R2, if R2 is obtained from
R1 by simultaneously replacing each edge in R1 by its successor
according to the production set P.
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Tree 0L–Systems

An axial tree of 0L–system

Let G = (T ,P,w) be a tree 0L–system and let R0,R1, . . . ,Rn be n + 1
axial trees for n ≥ 0. An axial tree R is generated by G in a derivation
of lenght n if there exists a sequence of defivation
R0 ⇒ R1 ⇒ . . .⇒ Rn, where R0 = w and Rn = R.
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Bracketed 0L–Systems

Bracketed 0L–System

A Bracketed 0L–System is an 0L–system which generates some
strings for the turtle graphics, but some parts of these strings can be
in parentheses.

interpretation

Consider parentheses ( and ) and any word w = a1a2 . . . an over
{F ,+,−, (, )}∗.

1 set position pos and orientation or of the turtle
2 set i = 1
3 if ai is ( then push pos and or on the stack
4 else if ai is ) then pop or and pos and set position and orientation

of the turtle
5 else work by the standard way
6 if i = n then finish
7 else i = i + 1 and go to step 3
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Bracketed 0L–Systems

Example

Consider 0L–system given by following rules:
• axiom w = F ,
• F → F (+F )F (−F )F

with angle δ = 25.5◦ for turtle interpreting.

After 5 iterations:1.6. Branching structures 25

a
n=5,δ=25.7◦

F
F→F[+F]F[-F]F

b
n=5,δ=20◦

F
F→F[+F]F[-F][F]

c
n=4,δ=22.5◦

F
F→FF-[-F+F+F]+

[+F-F-F]

d
n=7,δ=20◦

X
X→F[+X]F[-X]+X
F→FF

e
n=7,δ=25.7◦

X
X→F[+X][-X]FX
F→FF

f
n=5,δ=22.5◦

X
X→F-[[X]+X]+F[+FX]-X
F→FF

Figure 1.24: Examples of plant-like structures generated by bracketed OL-
systems. L-systems (a), (b) and (c) are edge-rewriting, while (d), (e) and
(f) are node-rewriting.

Fig: 0L System from [Chap. 1.6.2 in The Algorithmic Beauty of Plants]
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Bracketed 0L–Systems

Example
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Example
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Bracketed 0L–Systems

Example

Consider 0L–system given by following rules:
• axiom w = F ,
• F → FF − (−F + F + F ) + (+F − F − F )

with angle δ = 22.5◦ for turtle interpreting.

After 4 iterations:1.6. Branching structures 25
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d
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n=7,δ=25.7◦
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f
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Figure 1.24: Examples of plant-like structures generated by bracketed OL-
systems. L-systems (a), (b) and (c) are edge-rewriting, while (d), (e) and
(f) are node-rewriting.

Fig: 0L System from [Chap. 1.6.2 in The Algorithmic Beauty of Plants]
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Bracketed 0L–Systems

Example

Consider 0L–system given by following rules:
• axiom w = X ,
• X → F (+X )F (−X ) + X
• F → FF

with angle δ = 20◦ for turtle interpreting.

After 7 iterations:

1.6. Branching structures 25
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Figure 1.24: Examples of plant-like structures generated by bracketed OL-
systems. L-systems (a), (b) and (c) are edge-rewriting, while (d), (e) and
(f) are node-rewriting.

Fig: 0L System from [Chap. 1.6.2 in The Algorithmic Beauty of Plants]
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Bracketed 0L–Systems
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Bracketed 0L–Systems

Example

Consider 0L–system given by following rules:
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Fig: 0L System from [Chap. 1.6.2 in The Algorithmic Beauty of Plants]
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Bracketed 0L–Systems

Example

Consider 0L–system given by following rules:
• axiom w = A,
• A→ (&FL; A)/////′(&FL; A)///////′(&FL; A),
• F → SF
• S → FL
• L→ (′′′∧ ∧ {−f + f + f − | − f + f + f})

with angle δ = 22.5◦ for turtle interpreting. After 7 iterations:
26 Chapter 1. Graphical modeling using L-systems

n=7, δ=22.5◦

ω : A
p1 : A → [&FL!A]/////’[&FL!A]///////’[&FL!A]
p2 : F → S ///// F
p3 : S → F L
p4 : L → [’’’∧∧{-f+f+f-|-f+f+f}]

Figure 1.25: A three-dimensional bush-like structure

specify internode growth. In subsequent derivation steps the internode
gets longer and acquires new leaves. This violates a biological rule
of subapical growth (discussed in detail in Chapter 3), but produces
an acceptable visual effect in a still picture. Production p4 specifies
the leaf as a filled polygon with six edges. Its boundary is formed
from the edges f enclosed between the braces { and } (see Chapter 5
for further discussion). The symbols ! and ′ are used to decrement
the diameter of segments and increment the current index to the color
table, respectively.

Another example of a three-dimensional plant is shown in Fig-Plant
with flowers ure 1.26. The L-system can be described and analyzed in a way similar

to the previous one.

Fig: 0L System from [Chap. 1.6.2 in The Algorithmic Beauty of Plants]
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Bracketed 0L–Systems

• 0L–system used by this way, generate only one object.
• An attempt to combine them in the same picture would produce a

striking, artificial regularity.
• It is necessary to introduce specimen–to–specimen variations

that will preserve the general aspects of a plant but will modify its
details.

• Solution:
• randomizing turtle interpretation,
• randomizing L-system,
• randomizing turtle interpretation and L-system
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Part III

Stochastic 0L–systems
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Stochastic 0L–Systems

Stochastic 0L–System

A stochastic 0L–System is a quadruplet

G = (T ,P,w , π)

where:
• G = (T ,P,w) is an 0L–System,
• π : P → (0,1] is a probability distribution and maps the set of

productions into the set of probabilities.

• It is assumed that for any letter a ∈ T , the sum of probabilitions
with the predecessor a is equal to 1.

• By this way, different productions with the same predecessor can
be applied to various occurences of the same latter in one
derivation step.
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Stochastic 0L–Systems

Example

Consider 0L–system given by following:
w F
p1 F .33→ F (+F )F (−F )F

p2 F .33→ F (+F )F

p3 F .34→ F (−F )F
1.7. Stochastic L-systems 29

Figure 1.27: Stochastic branching structures

Figure 1.28: Flower field

Fig: 0L System from [Chap. 1.7 in The Algorithmic Beauty of Plants]
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Stochastic 0L–Systems

1.7. Stochastic L-systems 29

Figure 1.27: Stochastic branching structures

Figure 1.28: Flower field
Fig: 0L System from [Chap. 1.7 in The Algorithmic Beauty of Plants]
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Part IV

Context–sensitive L–systems
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Context–sensitive L–Systems

2L–System

A 2L–System is a triplet G = (T ,P,w), where:
• T is an alphabet,
• w is the start string (axiom) and
• P is a set of rules of the form al < a > ar → x or a→ x with

al ,a,ar ∈ T and x ∈ T ∗.

Derivation Step
• Rules of the form al < a > ar → x can be used only if the first

symbol on the letf is al and ar is the first symbol on the left,
• If there is a collision between rules a→ x and al < a > ar → y ,

the context one is used.

1L–System

Contains rules of the form:
• al < a→ x or a > ar → x or a→ x with al ,a,ar ∈ T and x ∈ T ∗.
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Context–sensitive L–Systems

Problem with tree
1.8. Context-sensitive L-systems 31

Figure 1.29: The predecessor of a context-sensitive tree production (a)
matches edge S in a tree T (b)

The following sample 1L-system makes use of context to simulate signal Signal
propagationpropagation throughout a string of symbols:

ω : baaaaaaaa
p1 : b < a → b
p2 : b → a

The first few words generated by this L-system are given below:

baaaaaaaa
abaaaaaaa
aabaaaaaa
aaabaaaaa
aaaabaaaa
· · ·

The letter b moves from the left side to the right side of the string.
A context-sensitive extension of tree L-systems requires neighbor Context in tree

L-systemsedges of the replaced edge to be tested for context matching. A prede-
cessor of a context-sensitive production p consists of three components:
a path l forming the left context, an edge S called the strict predecessor,
and an axial tree r constituting the right context (Figure 1.29). The
asymmetry between the left context and the right context reflects the
fact that there is only one path from the root of a tree to a given edge,
while there can be many paths from this edge to various terminal nodes.
Production p matches a given occurrence of the edge S in a tree T if l
is a path in T terminating at the starting node of S, and r is a subtree

Fig: [Chap. 1.8 in The Algorithmic Beauty of Plants]
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Context–sensitive L–Systems

Example

Consider 1L–system G given by following:
• w = Fb(+Fa)Fa(−Fa)Fa(+Fa)Fa

• p1 : Fb < Fa → Fb

Consider + and − are ignored in context.

1.8. Context-sensitive L-systems 33

Figure 1.30: Signal propagation in a branching structure: (a) acropetal, (b)
basipetal

The operation of context-sensitive L-systems is examined further using L-systems of
Hogeweg,
Hesper and
Smith

examples obtained by Hogeweg and Hesper [64]. In 1974, they pub-
lished the results of an exhaustive study of 3,584 patterns generated
by a class of bracketed 2L-systems defined over the alphabet {0,1}.
Some of these patterns had plant-like shapes. Subsequently, Smith
significantly improved the quality of the generated images using state-
of-the-art computer imagery techniques [136, 137]. Sample structures
generated by L-systems similar to those proposed by Hogeweg and Hes-
per are shown in Figure 1.31. The differences are related to the geo-
metric interpretation of the resulting strings. According to the original
interpretation, consecutive branches are issued alternately to the left
and right, whereas turtle interpretation requires explicit specification
of branching angles within the L-system.

Fig:
L System from [Chap. 1.8 in The Algorithmic Beauty of Plants]
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Context–sensitive L–Systems

Example

Consider 1L–system G given by following:
• w = Fb(+Fa)Fa(−Fa)Fa(+Fa)Fa

• p1 : Fa > Fb → Fb

Consider + and − are ignored in context.

1.8. Context-sensitive L-systems 33

Figure 1.30: Signal propagation in a branching structure: (a) acropetal, (b)
basipetal

The operation of context-sensitive L-systems is examined further using L-systems of
Hogeweg,
Hesper and
Smith

examples obtained by Hogeweg and Hesper [64]. In 1974, they pub-
lished the results of an exhaustive study of 3,584 patterns generated
by a class of bracketed 2L-systems defined over the alphabet {0,1}.
Some of these patterns had plant-like shapes. Subsequently, Smith
significantly improved the quality of the generated images using state-
of-the-art computer imagery techniques [136, 137]. Sample structures
generated by L-systems similar to those proposed by Hogeweg and Hes-
per are shown in Figure 1.31. The differences are related to the geo-
metric interpretation of the resulting strings. According to the original
interpretation, consecutive branches are issued alternately to the left
and right, whereas turtle interpretation requires explicit specification
of branching angles within the L-system.

Fig:
L System from [Chap. 1.8 in The Algorithmic Beauty of Plants]
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Context–sensitive L–Systems

Example

Consider 1L–system G given by following:
• ignere: F ,+ and −
• w = F1F1F1
• 0 < 0 > 0→ 0
• 0 < 0 > 1→ 1(+F1F1)

• 0 < 1 > 0→ 1
• 0 < 1 > 1→ 1
• 1 < 0 > 0→ 0
• 1 < 0 > 1→ 1F1
• 1 < 1 > 0→ 0
• 1 < 1 > 1→ 0
• ∗ < + > ∗ → −
• ∗ < − > ∗ → +
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Context–sensitive L–Systems

Example

Consider δ = 20◦ and n = 30
34 Chapter 1. Graphical modeling using L-systems

Figure 1.31: Examples of branching structures generated using L-systems
based on the results of Hogeweg and Hesper [64]

Fig: L System from [Chap. 1.8 in The Algorithmic Beauty of Plants]
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Context–sensitive L–Systems

Example

Consider 1L–system G given by following:
• ignere: F ,+ and −
• w = F1F1F1
• 0 < 0 > 0→ 0
• 0 < 0 > 1→ 1(−F1F1)

• 0 < 1 > 0→ 1
• 0 < 1 > 1→ 1
• 1 < 0 > 0→ 0
• 1 < 0 > 1→ 1F1
• 1 < 1 > 0→ 0
• 1 < 1 > 1→ 0
• ∗ < + > ∗ → −
• ∗ < − > ∗ → +
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Context–sensitive L–Systems

Example

Consider δ = 20◦ and n = 30.
34 Chapter 1. Graphical modeling using L-systems

Figure 1.31: Examples of branching structures generated using L-systems
based on the results of Hogeweg and Hesper [64]

Fig: L System from [Chap. 1.8 in The Algorithmic Beauty of Plants]
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Part V

Parametric L–systems
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Parametric L–Systems

Parametric 0L–System

A Parametric 0L–System is a quadruplet

G = (T ,P,w ,Σ)

where:
• T is an alphabet,
• Σ is the set of formal parameters,
• w ∈ (T ×R∗)+ is a nonempty start parametric string (axiom) and
• P ⊂ (T × Σ∗)× C(Σ)× (T × E(Σ))∗ is a finit set of productions.

Example

• w = B(2)A(4,4)

• A(x , y) : x ≤ 3 → A(x ∗ 2, x + 2)

• A(x , y) : x > 3 → B(x)A(x/y ,0)

• B(x) : x < 1 → C
• B(x) : x ≥ 1 → B(x − 1)
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Parametric L–Systems

Example
• R = 1.456
• w = A
• A→ F (1)(+A)(−A)

• F (s)→ F (s ∗ R)

50 Chapter 1. Graphical modeling using L-systems

Figure 1.40: Initial sequences of figures generated by the L-systems specified
in equations (1.9) and (1.10)

appending segments of constant length and increasing the lengths of
previously created segments by constant R in each derivation step. The
corresponding L-system is given below.

ω : A
p1 : A → F (1)[+A][−A]
p2 : F (s) → F (s ∗R)

(1.10)

The initial sequence of structures obtained by both L-systems are
compared in Figure 1.40. Sequence (a) emphasizes the fractal character
of the resulting structure. Sequence (b) suggests the growth of a tree.
The next two chapters show that this is not a mere coincidence, and
the L-system specified in equation (1.10) is a simple, but in principle
correct, developmental model of a sympodial branching pattern found
in many herbaceous plants and trees.

Fig: L System from [Chap. 1.10 in The Algorithmic Beauty of Plants]
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