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Analytical solution of a differntial equation

For the differential equation that represent the exponential
function @

y' +ay=0 (1)
\
we expect the solution in the form y = cel
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Polynomial representation

Exponential function e can be represented using the power series

tx+—+—+

And it can be expressed using the Taylor polynomial

Flx) = Flo) + 2L gy ¢ 20
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Higher derivatives

Higher derivatives for (1)_)i,:/_iy5 (v = f(x))

f'(x) = —af(x)
() = —af'(x) = (za)(=a)f(x)

) = (~2)"f ()
Using the Taylor series
) = Foo) + 3 =0 pl )

11

E— i=1
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Higher derivatives

Differential equation (1) can be extended to the initial value

problem (IVP) by adding the initial value ot
= ce

y
i /4
y+ay=0  y(x) =l=c¢ —

—_—

IVP can again be expressed using the Taylor series

fx) =1+ Z Wf[fl(xo) + E(n)

:1+.Z( a)(;—Xo +E(n)

where E is the error term.
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System of differential equations

Consider the following ordinary differential equation (ODE) of the
second order

y'+ay'+by=0  y(0)=0,y/(0)=0

Using the appropriate substitution

/

zZ=Yy
Z/:y//

we can convert the second order ODE to the system of the first
order ODEs

Z+az+by=0 z(0)=0 (2)
z—y'=0 y(0)=...
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System of differential equations

The system of equations can again be expressed using the Taylor
polynomial (h = x — xp)

y(xo + h) = y(xo +Z !y[]xo) (3)

z(xo + h) = z(x0) + Z %ZH(XO)

i=1

Higher derivatives of y and z from the system (2) )
Z'+az+by=0 /l-'—a(L—,lMa
y =z Z = —az— by
y' =7 2" = —a7 — by
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System of differential equation — sum of terms

oo £ 1) =y00)+ 3 i el
i=1 " =

Higher derivatives can be expressed using the Taylor series

Order or derivative umy um z
Y —
0. 1y(xo) z(x0)
1. %y’(xo) Z'(xp) +=

ht
77
2
(o) 57(x) o)

For example the second derivative
2" = —az(x0) — by (x0)

Z" = —az' — by’
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Definite integrals

Definite integral !

F(X) = x)dx
F0= |
can be transformed to thg equivalent first order OPE (initial value
problem)
TTME

i
~—
X
N—r
I
-
—
ReJ
v
I

Integral in b:

For time function (t):

F(t) = /0 Cf(x) dx

1]: f(x)dx = f:fn" f(x —n) d)j
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Graphical representation of the numerical solution

y -€
** /2%
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Example: Exponential function

Definite integral of the function f(x) = €~

1
/ e dx
0

has the analytical solution

0

[elg=e' —e’=e-1

We can transform the integral into the differential equation:

F(x) :/ e dx

F(x) = egﬁ\F(O) ~0

All derivatives of f(x) are the same
(F(x) = F/(x) = (x) = -~ = &)
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Example: Exponential function

Taylor series for step size h=1= tpax = b

+Z;,| 0o

For arbitrary step size, the polynomial would look like this:

h h? h"
\:(h) = F(0) + 1, FII(0) + 5, F(0) + - + — FI(0) |

where FIU(x) = eX; FPI(x) = e, .... Integral in the upper bound
(b=1) can be calculated_
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Homework: Function sin(x)

Similarly, try to calculate the value of the definite integral of the
function

™

/02 sin(x) dx

with the analytical solution

[— cos(x)]og =— cos(g) —(—cos(0))=0+1 :i

Function cos(x) can be expressed using the power series

[ L R
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Homework: Function sin(x)
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Demonstration

16 /29
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Demonstration — matrix representation

Finite integrals in 2D can again be solved using the Taylor series.
For the demonstration above, we integrate continuously (solving
the IVPs) over x, the values of the integrals are the — red points.
Then, we integrate over y. Values of the red points serve as the
interpolation points of the function.

When we perform the calculation in the second dimension, we
know the values of the red points and the constant matrix.
However, we have to also know the higher derivatives.
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Calculation in y
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Demonstration — matrix representation

h hy
fyo+hy) = (o) + 377 (vo) + 57 F"(0) + -
(2hy)?

2!

2h
f(yo + 2h,) = f(y0) + T,yf’(yo) +

(pyh

1! 2!

Generally, the equation has the following form A - d=b.

f”(yo) —+ ...

h 2
F50 + pyhy) = F(0) + P2 ye) + PPy 4

19/29
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iz b2 /
f(yo+hy) = f(yo) o ] f'(vo)hy
2 2 2Py
5 f(yo +2h,) — f(y0) B R ' (yo)h2
f(yo + pyhy) — F0) b BB Fledd (yo) h”

i 2 !

Matrix A is the same in all dimensions. Unknown higher derivatives y
can be expressed as

and after simplification
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Function generation — exponential function

21/29
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Function generation — sine and cosine

z =sin(t) u = cos(t)
Z' = cos(t) v = —sin(t)

z Mo = =
Z=u z(0) =sin(0) =0
v=-z  u(0)=cos(0)=1

22/29
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Function generation: z = e~% - sin(t)

X
z=x-y
—_ >
Three integrators and multiplication:. Is there any other solution?
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Function generation:

)
£

D)

z = (t

Z'=e ' (=2)sin(t) + e_* - cos(t)
K{_m@ t cos( ——22+u

u =

o2
e 2t . cos(t)

—e2t. (—2) - cos(t) + et (—sin(t))

=_2e %t cos(t) - e ?tsin(t) = —2u—z

Initial conditions i
Qa 4"‘(4) A:D
z(0) = e ?%sin(0) =1-0=0
u(0) =e*Pcos(0)=1-1=1

Two integrators and addition.

24 /29
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Simple pendulum

Simple pendulum can be modeled using second order IVP

" +Z%90’ J@ in(p) =0

where

d — damping

m — mass

g — gravitational constant
L — length of the pendulum

Initial conditions

©(0) =0 initial position

©'(0) =7 initial velocity

The objective is to find the initial velocity ¢’(0), which causes the

pendulum to cross the upper fixed point once.
25/29
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Simple pendulum

When we plot the behavior of the simple pendulum, we will use the

phase plane.
/

-\ ®

) z

@)
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Simple pendulum

To numerically solve the equation for the simple pendulum

d
—@+ ~ + Zsin(p) = 0

the equation has to be transformed into the system of the first
order IVPs. We can use Method of Derivative order reduction
(inverting components):

| Pel —(%pso + & sin(p))

_ 1 ey 14 € =777
pp = p( pop) = p(mpcp+LS'n(so)) pe(0) =777

= _E(_W) ¢(0) =0

We are missing the equations for‘sﬂp).
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Simple pendulum — equations for sin(y)

u = sin(yp) v = cos(yp)
u' = cos(p)¢’ v/ = —sin(p)¢’
v = vy V= —uy
pu = vpy pv = —upp
1
u=——(-vpyp) v= —;(upw)

Initial conditions

u(0) = sin(¢(0)) =sin(0) =0
v(0) = cos(¢(0)) = cos(0) =1
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Thank you for your attention
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