Multiobjective Bayesian Optimization Algorithmfor Combinatorial

Problems: Theory and practice

Josef Schwarz

-L

�

�

FKRYD�

T el.: 420 5 41141210, fax: 41141270, e - mail: schwarz@dcse.fee.vutbr.cz,

T el.: 420 5 41141283, fax: 41141270, e - mail: ocenasek@dcse.fee.vutbr.cz

Abstract: This paper deals with the utilizing of the Bayesian optimization algorithm (BOA ) fo r the

multiobjective optimization of combinatorial problems. Three probabilistic models used in the E stimation

Distribution Algorithms (EDA), such as UMDA, B MDA and BOA which allow to search effectively on the

promising areas of the combinator ial search space are discussed. The main attention is focused on the

incorporation of Pareto optimality concept into classical structure of the BOA algorithm. We have modified the

standard algorithm BOA for one criterion optimization utilizing the known ni ching techniques to find the Pareto

optimal set. The experiments are focused on tree classes of the combinatorial problems: artificial problem with

known Pareto set, multiple 0/1 knapsack problem and the bisectioning of hypergraphs as well.

Key Words: Mul tiobjective optimization, Pareto and non Pareto algorithms, evolutionary algorithms,

probabilistic model, estimation distribution algorithms, Bayesian optimization algorithm, niching techniques.

1 Introduction

Co mbinatorial optimization problems such as placement problem, number partitio ning problem (NPP),

decompositio n problem, traveling salesman problem(T SP), job - shop scheduling, bin packing problem, facilit y

layout problem, knapsack pro blem, etc. belo ng to the class of NP hard problems [1]. T he se arch space is o ften

ver ylarge and it is not possible to use enumerative techniques because the co mplexityof the problems is

expressed b y O( n!) or O( r n ) , where n is the size o f the problemand r<n is cardinality o f used alphabet. T o avoid

the problemwit h finite alphab et string it is possible to replace the original string b y kn bit string where k=log(r).

In case r=2 the problemis reduced to binar yoptmization p roblemwith 2 n co mplexity. Let us note that we will

focus on this type of encoding. General ly, the solution can be represented b ya vector of parameters with

unkno wn inter - parameter dependencies. Ho wever, many combinatorial optimizatio n algorithms have no

mechanism for capturing inter - parameter dependencies. But only this approach allows to conc entrate the

sampling more effectivelyo n regions of the search space which have appeared to be promising in the past. Most

optimization algorithms do this onlyb ysearching around the location of the best previous solution or byusing

various type of gene tic algorithms (GA). T he classical genetic algorithms (GA) have the common disadvantage

- the necessityo f the setting the parameters like crosso ver, mutation and selection rate and the choice of suitable

type of genetic operators. That is wh y we have an alysed and used so me o f the E stimation o f Distribution

Algorithms (EDAs) called p robabilistic model - b uilding genetic algorithms, too. T he crossover and mutatio n

operators used in standard GA are replaced in EDAs b yprobabilityestimation and sampling tech niques.

In case o f probabilistic metho ds, statistics about the search space is explicitly maintained b ycreating models o f

the good solutions found. T he efficiencyo f such techniq ues depends naturallyo n the co mplexityo f model used

and on the co mplexity o f problems.

Next we will discuss population based evolutionar yalgorithms using probabilistic models with variou s

complexity. Let us denote:

D = (X 1 , X 2 ,..,X N ) with X j

Î D, is the population of the solutions/string/individ uals

X = (X

0

, X

1

,.., X n - 1

) is a string/individual of length n with X i

as a variable x = (x

0

, x

1

,..,x n - 1

) is a string/individual with x i

as a possible instantiation of variable X i

, x i

Î {0,1}

P = (p(x

0

), p(x

1

),..,p(x n - 1

)), with p(x i

) Î [0,1 ] is the vector of univariat e marginal probabilities p(x

0

, x

1

,.. x n - 1

) = p(X

0

=x

0

,X

1

=x

1

,..,X n - 1

=x n - 1

) denotes the n dimensional distributio n

2 Probabilistic mo dels

T he performance of EDA algorithms that work on the basis of probabilistic models can be specified on the fo llo wing co mmo n framework:

Generate initial population of individuals of size M (randomly);

While termination criteria is false do begin

Select parent population of N individuals according to a selection method;

Estimate the probability distribution of the selected parents;

Generate new offspring according to the estimated probabilistic model;

Replace some individuals in current population with generated offspring;

end

Next, we will describe three main types of probabilistic models used in EDA a lgorithms according to their complexity ˘ model without inter - dependency, with pair wise dependencies and multivariate dependencies.

2.1 Models without dependencies

T he probabilityvector P of univariate probabilities is used to model simple probability distributio n. In

Univariate Marginal Distribution Algorithm UM DA [2] it is assumed that variables are mutually independent, see Fig. 1a. For each variable position i Î {0..n - 1} and each possible value o f this variable x i

Î {0,1}, the univariate marginal frequ ency p i

(x i

) is defined as the freq uency of strings that have x i

on i - th position in the parent population D :

1

[

Q [

S

�

� � � = , where n i

(x i

) is a number of appearances of the allele x i

on i - th position. Each new individual X = (x

0

,x

1

,...,x n - 1

) is g enerated byUMDA according to the d istributio n:

Õ

-

=

=

�

�

� � � �

Q

L

L L

[ S

; S , (1)

so the value of i - th variable is set to value a with the probabilityequal to p

i

(a) . UMDA is able to cover

efficientlylinear problems only.

2.2 Models with Pairwise dep endencies

T he univariate probabilityis used as in UMDA. In addition, the pair dependencies are allowed [3]. T he bivariate

marginal frequency p

i,j

(x

i

,x

j

) used in Bivariate Marginal Distribution Algorithm BMDA is defined as the

frequency of individuals in p arent population D , that have values x

i and x

j on positions i and j at the same time:

[ [

Q [ [

S

M L M L M L M L

�

�

� � � �

�

�

� �

� � �

_ �

� � MM M L M L M L M L

[

S [ [ S [ [ S = (2)

We extended the concept of UMDA and BMDA for the alphabet encoding , so that x

i

Î {0,�,r

i

- 1} and

x

j

Î {0,�,r

j

- 1} [4]. For each pair of positions i, j the count of each co mbination of values can be summarized into

contin gencytable. Variable dependencies are discovered byPearson´s chi - square statistics, we used in [4] the

follo wing for mof equation:

å å - =

-

=

-

=

L

U

�

N

� M

U

�

O M

�

�

M L

N

L Q

O N Q

1

¸

M

L

�

� � � �

�

� �

�

�

(3)

Variables are considered to be independent if the result does not meet certa in threshold. For example binar y variables are independent for 95% if

�

� ¸ �

M L

�

�

< . T he dependencyinformation is used to build up the acyclic

dependencygraph - probabilistic graphical model, which can be seen as a set o f trees. Each new individ ual

X = (x

0

, x

1

,..., x

n - 1

) is generated according to the distrib utio n

Õ =

-

=

� Q

� L

L

P L

[ ; S [

L

S �

_ � �

�

;

P . To reduce the space of networks, number of incoming edges into each node is limi ted to k . T he

key step is thus the estimation of the probability p(X ) via finding the Bayesian networ k with maximu m score

measure. As kno wn the probabilityof Bayesian network B given data D is done b yBayes theorem[9], [10]:

�

�

� � � �

_ � � _ �

% S % ’ S ’ % S = (6) where p(B / D ) is posterior probabilityo f B given D p(B) is the prior probabilityo f Bayesian networ k specified b yan expert p(D / B ) is the probabilityof data D given B

T he Bayesian Dirichlet (BD) met ric is used to calculate

�

_

�

%

’

L

;

p

L

[

�

�

L

; L

[

P p

�

�

L ;

L

[

L

; L

L ; L L ; L

�

Q

� L L ; L ; L ;

L ;

[

S %

’ S

�

�

�

�

� � � � � � � � �

� � � � � � �

� � �

�

;

p

, � � �

L

;

L

[ P p

, � �

L ;

P p

flo ws fro mthe T ab I. The prime ver sion of this

ter ms express prior kno wledge about networ k topology.

3.1 Complexity and prior information in original BOA

T he computatio nal co mplexityo f the networ k construction and scoring metric calculation is done byter m

O(k.n 3 ) + O(k.2 k .n 2 .N) [11]. The co mplexityo f the newpopulation generation is ne gligible. We have proposed

two approaches to decrease the time co mplexity. In [12] we solved the problemof graph bisectioning. Our goal

was to incorporate a problem kno wledge into the whole process of Bayesian net wor k co nstr uction. Firstly we

applied the prior probability p(B) of the Bayesian networ k expressed b ythe ter m d k x

F

% S = � _ � . T he essence

of this approach lies in the penalization of edges of Bayesian networ k having no match in the graph to be

decomposed. T he variable d i s the number o f edges in the final Bayesian network having no match in the

hypergrap h to be bisected, c and k are nor malization co nstants. Secondly we used the concept of cluster

injection into the initial population detected on the hyper graph str ucture th at seems to be the really pro mising

tool for enhancement of the population genotype. Both of these pheno mena used lead to the meaningful

reduction of population size and better convergence.

4 M ultiobjective optimization

Practical problems are often ch aracterized b yseveral often co mpeting objectives. While in the case o f single -

objective optimization the optimal solution is simp ly distinguishable, this is not tr ue for multiobjective

optimization. T he standard approach to solve this difficulty lies in finding all possible trade - offs amo ng the

multiple, co mpeting objectives. T hese solutions are optimal, nondo minated, in that there are no other solutio ns

superior in all objectives. T hese so called Pareto optimal solutio ns lie o n the Pareto optimal fro n t. A general

multiobjective optimization/maximization problem (MOP) can be described as a vector function f that maps a

tuple of n parameters to a tuple of m objectives [13]:

max y = f ( x )=(f

1

( x ), f

2

( x ),�, f

m

( x )) (9)

subject to h(x ) = (h

1

( x ), h

2

( x ),....., h

k

( x )) <= 0

subject to x = (x

1

, x

2,

,�..,x

n

) Î X

y = (y

1

, y

2

,,�.,y

m

) Î Y ,

where x is called decision vector, X is the parameter space, y is the objective vector, Y is the objective sp ace and

the constraint vector h(x ) <= 0 determines the set of feasible solutions/set X

f

.

T he set of solutio ns of MOP includes all decision vectors fo r which the corresponding objective vectors cannot

be improved in any dimensio n without degradation in anot her - these vectors are called Pareto optimal set. T he

idea of Pareto optimalityis based on the Pareto dominance.

For anytwo decision vectors u, v it holds

u

v ( u dominates v ) iff f( u )>f( v ),

u = v ( u weakly dominates v ) iff f( u )>=f( v ),

u ~ v ( u is indifferent to v ) iff u, v are not comparable

A decisio n vector u dominates decision vector v ( u v ) iff f

i

( u ) ³ f

i

( v ) for i=1,2,.., m with f

i

( u )> f

i

( v ) for at

least one i. T he vector u is called Pareto optimal if there is no vector v which do minates vector u in parameter

space X . In objective space the set o f no ndo minated solutions lies o n a surface kno wn as Pareto optimal front.

T he goal o f the optimization is to find a representative sampling of solutions alo ng the Pareto optimal front. An

example o f the concept of Pareto dominance and Pareto - optimal front are presented in a graphical for min Fig.3.

U

T

V

P

S

R

Pa reto optimal fro nt

Feasible reg ion

f

1 f

2

U

T

V

P

S

R

r

f

1

V dominates

V is domina ted

indifferent

indifferent f

2

Fig. 3 Ex ample o f Pareto front and Pareto dominance.

It can be stated that solution V dominates solutio n S and T , solution V is do minated b y U , solution U is

nondo minated and Pareto optimal, solution S is do minated by V and T.

5 Optimization methods

5.1 P areto methods

T here are many papers that pr esent vario us approaches to find Pareto optimal front almost based on the classical

evolutio nar yalgorithms. All of themmust solve the problemof adequate solutio ns evaluation and population

diversity. It was d eveloped Pareto - based fitness assignment using the concept of dominance in order to

determine the reproduction probabilityo f each solution. It is evident that unlike the case of single optimizatio n,

fitness is related to the whole population.

T he multiob jective optimization is typical multimodal search for finding multiple different solutio ns in a single

run. T o reach this goal various niching techniques are used. T he well kno wn is fitness sharing ˘ the more

individ uals are located in the neighborhood (defined byniche radius) of a solution the more is the fitness

decreased. Less frequently no nniching techniq ues are used such as restricted mating (onlysimilar parents are

mated) and cro wding (offspring replace similar parents). We will shortlymention the main representatives o f the

Pareto optimization algorithms: T he Niched Pareto Genetic Algorithm (NPGA) co mbines tournament selectio n

and the concept of Pareto dominance [14]. A wide review of basic approaches and the specification of original

Pareto e volutionar yalgorithms include the dissertatio ns [15], [13] where the last one describes the original

Strength Pareto Evolutionar yAlgorithm (SPE A). An interesting approach using no ndo minated sorting in genetic

algorithm (NSGA) is published in [16]. An int eresting extensio n of the SPEA algorithmresulting in PESA

algorithm is described in [17].

Pareto optimal methods have more preferences than disadvantages. T o the advantages belongs the fact that

Pareto approaches take all objectives into consideration s imultaneously - ever ypoint/solution of Pareto front is

good solution ˘ and maintains the diversityo f solutions. Naturallywe can list two main d isadvantages ˘ this

approach is c omputationally expensive and not ver yintuitive if the number of objectives i s large. All these

algorithms mentio ned above progress to wards the Pareto optimal set with a good distribution o f solutions but

none o f them guarantees the convergence to tr ue Pareto optimal set. T he promising ap proach of archive - based

Pareto optimization algorithms is published in [18] where the concept of e - approximate Pareto set and e - Pareto set is introduced. A class o f algorithms is suggested with guaranteeing convergence to a diverse set of e - Pareto

optimal solutions.

5.2 Non - Pareto methods

T he re are many methods for the multi - criteria optimization, mostly based on the scalarization of the objective

functio n or other non - Pareto approaches. T his way the MOP problemcan be easily transfor med into more

simpler SOP problem.

Weighted - sum approach

T he well kno wn aggregation method is based on the weighted sumapproach. T his method transfor ms the

objective function vector into a higher scalar functio n using weighted sum of particular objectives. Let us note

that in the single objective optimizatio n, the feasible set is co mpletely ordered according the single objective

functio n. For two solutions u, v e X

f either f( u )>=f( v ) or f( v )>=f( u ). In case of multiobjective optimizatio n,

the feasible set is onlypartially ordered. In case of maximization we get:

maximize y = f(x) = w

1 f

1

(x)+ w

2 f

2

(x) +.....+ w

m f

m

(x) (10)

T his equation can be modified to the follo wing for mwhich can be understand as a sector equation of line with

the slope - w

1

/w

2 and intercept y/w

2

[13] (see Fig. 4.) :

f

2

(x ) =( - w

1

/w

2

) f

1

(x) + y/w

2

(11)

f

1 f

2

slo p e - w

1

/w

2

U

V

C y /w

2

f

1 f

2

U

V W

Feasible region

Infeasible region c ´

c

a) b)

Fig. 4 Example o f an exploration of the search space b ya) weighted sum approach, b) constrained methods

T he set of parallel lines represents the successive search in the objective space. T his approach is able to find

Pareto optimal solutio ns but the search process is ver ysensitive to weight coefficients and this techniq ue is not

able to reach solutions in local non - convex region, see point C .

Con straint method

T his technique is q uite simple: onlyone functio n is optimized, the others are transfor med into constraints. T hen

the penalty functio n can be used to fulfil the co nstraints. For the case of bi - objective optimization we get

y = f

1

(x) (12)

h(x)= f

2

(x)>= c,

where c is chosen repeatedly (see fig 4.b) but remar k that the c´ is not available choice of bound. Another

principle is used in priority(lexicographic) method - the objective with highest priorityis minimized first, then

the ne xt with lo wer priorityetc. T he problemappears ho wto state the importance of objectives.

Fuzzy - control approach

Fuzzy controllers are often used in control systemand generally in so ft co mp uting. In [19] an interesting

approach for scalarization of a bi - objective problem. Each generatio n the centre of current population is detected

and according this kno wledge fuzzy controller decides what transfor mation of the cost components into one -

dimensional fitness function is taken.

Let us note that the attr action of the SOP methods described above is supported bymany useful and well - studied

heuristic methods like d ynamic programming, branch and bound method, randomsearch algorithm, stochastic

local search algorithms and simulated annealing. In commo n they required several runs to obtain an

approximation of the Pareto - optimal set.

6 Pareto optimal BOA

In our Pareto BOA algorithm we replaced the original fitness assignment and replacement step of standard BOA

bythe Pareto niching techniq ue utilizing a new strength criterion for the evaluation process [13]. T he follo wing

specificatio n describes the wh ole reproduction process of o ur algorithm. Let us note that although we solved bi -

objective optimization, our algorithm is able to solve m - objective optim izatio n problems. T he flo wchart of our

Pareto BOA algorithmis in Fig. 5.

It follo ws fro mthe flowchart that the

algorithm is archive - oriented. In exter nal

archive the no ndo minated solutions during all

optimization histor yare archived and enter

regularly into selectio n and replacement phase.

T he mo st important part of our Pareto

algorithm [20], [21] is the procedure for

detection of nondo minated (current Pareto

front) and do minated solutions and

sophisticated fitness calculation. T he

procedure for current no ndo minated and

dominated set detection is described in

follo wing steps:

1. For each individ ual X in the population D

comp ute the vector of the ob jective functions

� � � � � � � � � �

P

�

�

� = (13)

2. Detect subset of nondo minated solutions { }

M L L M M

; ;

’ ; ’ ; ; ’

� _ Î $ Ù Î = (14)

3. For each nondo minated solution X

j fro m ‘ D

comp ute its strength value as

{ }

’

; ; ’ ; ;

;

V

L M L L

M +

Ù Î

=

�

_

�

�

I = ¢ (16)

5. Fo r each do minated solution X i

fro m D determine the fitness as

÷

÷ ø

ö ç

ç è

æ

+ = ¢ å

M ;

M L

;

V � � ;

I � � � � , (17) where

L M M ; ; ’ ; Ù Î .

Fig. 5 T he flo wchart of the Pareto BOA algorithm

7 Problemspecification

7.1 Bi - objective Onemax/Xor binary problem

We s tart to test our algorithm with an artificial problemwith easilydeter mined Pareto optimal front. We call this problemOnemax/Xor problem ( unitation versus pairs in [16]). It is defined on the binar ystring. Onemax functio n f

2

is simply stated b y number of ones in the n bit string X , e. g. f

2

(X )=f

2

(0110)=4 . Xor function denoted as f

1

is specified b ynumber o f pairs of adjacent co mplementar y bits, either 10 or 01 , thus f

1

(X )=f

1

(0110)=1+0+1=2. T he goal is to maximize both functions.

7.2 M ultiple 0/1 knaps ack problem

Generally, the 0/1 knapsack problemconsists o f set of items, weight and profit associated with each item, and an upper bound of the capacity of the knapsack. T he task is to find a subset of items which maximizes the sum

Population (t - 1) Archive (t - 1)

Truncateselection

Model construction

Sampling

Offspring (t)

Strengthfitness computation

P aretoidentification

Worst - case Pareto replacement elitism

Population (t) Archive (t)

Paretoset (t) of the profits in the subset, yet all selected items fit into the knapsack so as the total weight does not exceed the given capacity. T his single o bjective problemcan be extended to multiobjective multiple problemb y allo wing more than one knapsack. Formally, the multiobjecti ve 0/1 knapsack problemis defined in the follo wing way:

Given a set of n items and a set of m knap sacks, with follo wing parameters:

M L

S

�

profit of item j according to knapsack i

M L

Z

�

� weight of item j according to knapsack i c i

capacityof knapsack i find a vector x = ( x

1

, x

2

,....., x n

) Î {0,1} n , such that x j

=1 iff item j is selected and f ( x )=(f

1

( x ), f

2

( x ),�, f m

( x )) is maximum, where (18) f i

( x ) = å

=

Q

� M

M M L

[ S

�

( 19)

and for which the constraint is fulfilled

{ }

� �

� �

�

F [

Z �

� å

=

£ (20)

T he complexityo f the problem solved depends on the values of knapsack capacity. Acco rding to [13] we

used the knapsack capacities stated b ythe equation:

c

i

= 0.5 å

=

Q

� M

M L

Z

�

(21)

T he encoding of solution into chro moso me is realized bybinar ystring of the length n . To satisfythe constraints

(21) it is necessar yto use repair mechanism on the generated offspring to be feasibl e one.

7.3 Hypergraph bisectioning

T he bisectioning problemcan be defined as follo ws: Let us assume a hyper graph H=(V ,E ), with n =|V| nodes

and e = |E |ed ges. We look for such a bisection (V1,V2) of V that minimizes the number of hyperedges that

have nodes in different set V1 , V2 and the balance b o f the partition sizes. T he set o f external hyperedges can be

labelled as E

cut

(V1,V2). T he cost functio n is the number of external hyperedges, shortly called cut size.

Each solution o f the bisectio n i s encoded as a binar y string X=(x

0

, x

2

, �, x

n - 1

). T he variable x

i represents the

partition number, the index specifies the node in the hyp epergraph. For the case o f simp le graph G(V,E,R)

bisectioning we have derived on the binar ystring X=(x

0

, x

1

,.., x

n - 1

) the follo wing two functions to be minimized

[18]:

� � � � � M L

� Q

L M

� L

M L LM

FXW �

[ [

� [ [

U �

�9 � 9

( I å - + = =

-

>

=

(22) f

2

= b =| å - - å

-

=

-

=

� Q

� L

L

� Q

� L

L [ � [ � � | (23) where the coefficient r ij

=1 in case the net/edge of the gr aph G exists between node i a nd j , else r ij

=0 . T he functio n f

1

represents the cut value of the bisectio n and the function f

2

expresses the balance/difference of the partition sizes. We have tested two approaches for solving this 2 - objective optimizatio n problems: Weighted sum appr oach and Pareto optimal method. T he first approach transfor ms the original vector - valued objective functio n into a scalar - valued objective function. T he objective functio n of the solutio n X is co mp uted as a weighted sum o f all objective functio ns:

f(X) = w

1

f

1

(X )+ w

2

f

2

(X), (24) where w

1,

w

2

are weight coefficients. It is well kno wn the sensitivity of the optimization p rocess to these values.

We have tested two sets of these coefficients. In WSO1 variant we h ave chosen w

1

=0.5, w

2

=0.5, in WSO2 couple of w

1

=0.005, w

2

=0.995 was used. T his values were found experimentally.

8 Experimental results

8.1 Test benchmarks

We used three types o f benchmarks:

1. T he 64 bit Onemax/Xor function with kno wn Pareto set includ ing 32 indifferent solution.

2. T wo knap sack benchmar ks specified b y100 (Kn100) and 250 items (Kn250) published on the web site

[http://www.tik.ee.ethz.ch/~zitzler/testdata.html# fileformat] . We have co mpared our results with results obtained by two evolutio n ar yalgorithms SPEA [13] and NSGA[16]. T hese two algorithms represent well working evolutionar y multiobjective algorithms.

3. T wo hypergraph IC67, IC116 representing real circuits. T he global optima is not kno wn. T he structure of circuits can be characteri zed as a rando mlogic. T he hyper graph IC67 consists of 67 nodes and 134 edges/nets, the IC116 consists of 116 nodes and 329 edges/nets.

8.2 Experiments and results

All experiments were run on Sun E nterprise 450 machine ( 4 CPUs, 4 GB RAM), in the future we con sider the utilizing the cluster of Sun Ultra 5 workstatio ns.

The Onema x/Xor binary problem

In Fig. 6 the populatio n distrib ution in 1 st generation and 10 th generatio n is sho wn.

�

�

�

�

�

� � � �

I

�

I

&RY HU LQJ�RI� SDU HWR�V HW�Y HU V XV� SRSXODWLRQ�V L] H

�

�

�

�

�

�

� � � �

� � � �

1

1XPEHU� RI� F RU U HF W�V ROXWLRQV� >� @

Fig. 7 a) Pareto optimal front for Onemax/Xor problem, b) Covering of kno wn Pareto set versus populatio n size.

Knapsack problem

In Fig. 8a there is the co mparison o f the final Pareto front produced byour Pareto BOA algorithm and b y the

SPEA [13] and NSGA [16] algorithms for the case o f Kn100 benchmar k and in Fig. 8b for the case o f Kn250 benchmark. We performed 5 independent runs and con structed the final Pareto front fro mthe 5 particular Pareto fronts. We used the follo wing setting for our algorithm: for the Kn100 we set the population size N to 2000, for the case of the Kn250 the population size N equals to 3000 and alternatively to 10 00. T he number of generations used is 150. T he computation time is presented in T ab II. In the co ntext of algorithm comparison an important question arises: W hat measure should be used to express the quality o f the results so that the various evolutio nar y algorithms can be co mpared in a meaningful way. We preferred the topology/shape of the Pareto fronts in our co mpariso n.

Froma it is evident that for Kn100 the Pareto solutions produced byour Pareto BOA in the middle part of

Pareto front are slightly be tter than the Pareto solutio ns produced bySPEA and NSGA. What is more important

˘ our Pareto BOA produces more solutions in the Pareto front mar gins.

�

�

�

�

�

�

�

�

� � � � � �

I�

I�

16 *$

6 3 ( $

% 2$

�

�

�

�

�

�

�

�

�

�

�

�

� � � � � I�

I�

16 *$

6 3 ( $

�

�

�

�

�

�

�

�

� �

I

�

�

�IRU�:62�

�

�

�

�

�

�

�I